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PREFACE

A book on any mathematical subject above textbook level is not of much
value unless it contains new ideas and new perspectives. Also, the author may
be encouraged to include new results, provided that they help the reader gain
new insights and are presented along with known old results in a clear exposition.

It is with this philosophy that I write this volume. The two subjects, Dirichlet
series and modular forms, are traditional, but I treat them in both orthodox and
unorthodox ways. However, I try to make the book accessible to those who are
not familiar with such topics, by including plenty of expository material. More
specific descriptions of the contents will be given in the Introduction.

To some extent, this book has a supplementary nature to my previous book
Introduction to the Arithmetic Theory of Automorphic Functions, published by
Princeton University Press in 1971, though I do not write the present book with
that intent. While the 1971 book grew out of my lectures in various places, the
essential points of this new book have never been presented publicly or privately.
I hope that it will draw an audience as large as that of the previous book.

Princeton
March 2007 Goro Shimura
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INTRODUCTION

There are two types of Dirichlet series that we discuss in this book:

(1) Din(s)= > n'ln|77"

0#n€a+NZ
(2) L'(s;a, b) = Y &

0£E€a+b
Here s is a complex variable as usual, r is 0 or 1 for Dy y and 0 < r € Z for
the latter series; a € Z and 0 < N € Z. To define the series of (2) we take an
imaginary quadratic field K embedded in C and take also an element o of K
and a Z-lattice b in K. One of our principal problems is to investigate the na-
ture of the values of these series at certain integer values of s. As a preliminary
step, we discuss their analytic continuation and functional equaltions. We ob-
tain Dirichlet L-functions and certain Hecke L-functions of K as suitable linear
combinations of these series, and so the values of such L-functions are included
in our objects of study. As will be explained below, these series are directly and
indirectly related to elliptic modular forms, and the exposition of such functions
in that context forms a substantial portion of this volume. Thus, as we said in
the preface, the main objective of this book is to present some new ideas, new
results, and new perspectives, along with old ones in this area covering certain
aspects of the theory of modular forms and Dirichlet series.
To be more specific, let us first consider the Dirichlet L-function

L(s, x) = Y _ x(n)n™*

with a primitive Dirichlet character x modulo a positive integer N. It is well
known that if k is a positive integer and x(—1) = (—1)¥, then

- N
3 WW’ X) == > X(@)Bi(a/N),

where By, is the Bernoulli polynomial of degree k and G(Y) is the Gauss sum of
X.- If kK =1 in particular, the last sum for x such that y(—1) = —1 becomes
25:1 X(a)a/N, which reminds us of another well known result about the second
factor of the class number of a cyclotomic field, which is written hg /hp. Here



2 INTRODUCTION

hy resp. hp is the class number of K resp. F'; K is an imaginary subfield of
Q(¢) with a primitive mth root of unity ¢ for some positive integer m and
F' is the maximal real subfield of K. There is a classical formula for hg/hp,
which is easy factors times a product erX > X(a)a, where X is a certain set
of primitive Dirichlet characters x such that y(—1) = —1.

No alternative formulas have previously been presented except when K is an
imaginary quadratic field K = Q(v/—d). Given such a K, take a real character
x of conductor d that corresponds to K. Then it is well known that

wrVd Wi 2
4 —L(1 =hg=—"—" a), =[(d—-1)/2],
(4) o L x) = hx 2(2—x(2))ZX() g=1[(d-1)/2]
a=1
where wg is the number of roots of unity in K.

Now we will prove as one of the main results of this book that there are new

formulas for L(k, x). The most basic one is

(k — 1)IG(X) 1

(5) (2mi ) L(k, x) = o) ;Y(G)Elvk—l(Qa/d),

2(2F — x —
where ¢ = [(d—1)/2] and E; _1(¢) is the Euler polynomial of degree k—1. This
clearly includes (4) (without hg) as a special case, as E7 o(t) = 1. This formula
is better than (3) at least from the computational viewpoint, as E ;_1(¢) is a
polynomial in ¢ of degree k — 1, whereas Bj(¢) is of degree k. We will present
many more new formulas for L(k, x) in Sections 4 and 6. As applications, we
will prove some new formulas for the quotient hx/hp.

To avoid excessive details, we state it in this introduction only when K = Q(()
with m =2" >4

r d

h s
e =211 H{ x(a>}» di=272-1, y=r—1-272

a=1

s=3 x€Ys

Here Y is the set of primitive Dirichlet characters x of conductor 2° such that
x(—1) = —1. Notice that we have Zi;l x(a), which is of far “smaller size” than
the sum ), x(a)a in the classical formula. A similar but somewhat different
formula can be obtained in the case m = £" with an odd prime /.

The latter part of the book concerns the critical values of the series of type
(2). In this case we evaluate it at k/2 with an integer &k such that 2—r <k <7
and r — k € 2Z. Then we can show that:

(6) There is a constant vy which depends only on K (that is, independent of
a, b, 7, and k) such that L" (k/2; a, b) is w("TR)/2y" times an algebraic number.

This was proved in one of the author’s papers. Though we will give a proof
of this fact in this book, it is merely the starting point. Indeed one of our
main problems is to find a suitable v so that the algebraic number can be
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computed. Before going into this problem, we note that the constant v can
be given as ¢(7) with a modular form ¢ of weight 1 and 7 € K N H, where
H ={z € C|Im(z) > 0}.

If r =k # 2, the value L"(r/2; o, b) can be given as w«"h(7) with a holo-
morphic modular form h of weight r. Thus our task is to find (h/¢")(7).
This can be achieved as follows. We fix a congruence subgroup I" of SLy(Z)
to which both ¢ and h belong, and assume that we can find two modular
forms f and ¢ that generate the algebra of all modular forms of all nonneg-
ative weights with respect to I. Then h = P(f, g) with a polynomial P, and
(h/") (1) = P((f/&")(7), (9/¢")(T)), where k resp. ¢ is the weight of f resp.
g. However there are two essential questions:

(I) How can we find P?

(IT) In the general case in which r # k or k=2, L"(k/2; «, b) can be given
as w("t#)/2p(7) with some nonholomorphic modular form (which we call nearly
holomorphic) p of weight r. Then, how can we handle (p/¢")(7)?

Problem (II) can be reduced to Problem (I) and Problem (II) for simpler
p. In the easiest case we can express p as a polynomial Egig] E$h,, where
h, is a holomorphic modular form of weight r — 2a and Es is a well known
nonholomorphic Eisenstein series of weight 2:

1 [ —
Em)Swﬂ+éxgi@dm)

Then the problem can be reduced to (Eo/p?)(7) and (hy/¢"~2?)(7). The latter
quantity is handled by P for h,. As for E5, we have to deal with it in a special
way. For a given 7 we will find a special holomorphic modular form ¢ of weight
2 such that (E2/q)(7) can be explicitly given.

In this way the value of nonholomorphic functions can be reduced to the case of
holomorphic modular forms, and to Problem (I). We also have to find (f/¢*)(7)
and (g/¢*)(7), which is nontrivial, but our idea is to reduce infinitely many values
to finitely many values. In general, there is no clear-cut answer to (I). However,
we can produce two types of recurrence formulas for Eisenstein series, which
seem to be new and by which the problem about h/¢" of an arbitrary weight
r can be reduced to the case of smaller 7. (See (10.8) and (10.15¢).) Without
stating it, we content ourselves by mentioning its application to L"(k/2; «, b).
Assuming that a ¢ b, 0 < k <r, and r — k € 2Z, put n= (r — k)/2, and

£1(a, b) = (=) (2mi) =" T'(k + n) L7 (k/2; o, b)
2(2i)"Tm(7)" (DL Ey) () if k =2,
o if k2,

where DY is a differential operator of the type mentioned above. Then we have
a recurrence formula
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t n
£?+5(0‘7 b) = 122(:)2 (?) £3+3(04, b) "Q?:i{kQ(av b)

i=0 3=0
for 0 <t € Z and 0 < n € Z. Thus the values of £} (a, b) for k > 4 can be
reduced inductively to those for 2 < k < 4. If « € b, there is another recurrence
formula which reduces £5,(a, b) for 2k > 8 to the cases with 2k = 4 and
2k = 6.

We can form a Hecke L-function L(s, \) = > A(a)N(a)™°, with a Hecke

ideal character \ of K such that

Mat)=a "a” if aeK* and a-—-1€cq,

where ¢ is an integral ideal of K. Since this is a finite linear combination of
series of type (2), statement (6) holds for L(k/2, \) in place of L™(k/2; «, b). In
Section 13, we will present many examples of numerical values of L(k/2, \).

When r = 1, the function L(s, A) is closely connected with an elliptic curve C
defined over an algebraic number field h with complex multiplication in K. In a
certain case, it is indeed the zeta function of C' over h. We will study this aspect
in Section 14, and compare L(1/2, A) with a period of a holomorphic 1-form on
C, when C is a member of a one-parameter family {C }.cq of elliptic curves.

However, without going into details of this theory, let us end this introduction
by briefly mentioning some other noteworthy features of the book.

(A) A discussion of irregular cusps of a congruence subgroup of SLs(Z) in
§1.11 and Theorem 1.13.
(B) The functional equation of the Eisenstein series

EN(z, s; p, q) = Im(2)® Z (mz +n)"Fmz 4 n|™%
(m,n)
under s+— 1 —k —s (Theorem 9.7). Here (2, ) e HxC,0< N<Z,0< k¢
Z, (p, q) € Z2, and (m, n) runs over Z2 under the condition 0 # (m, n) = (p, q)
(mod NZ?).

(C) The explicit Fourier expansion of &Y (z, 1 — k; p, q) given in (9.14).

(D) In Section 15, we discuss isomorphism classes of abelian varieties, elliptic
curves in particular, with complex multiplication defined over a number field
with the same zeta function.

(E) In Section 16 we present a new class of holomorphic differential operators
{Q(z};ozz. The operator ¥ sends an automorphic form of weight k& to that of
weight kp + 2p, and every operator of the same nature can be reduced to this
class.



CHAPTER 1

PRELIMINARIES ON MODULAR
FORMS AND DIRICHLET SERIES

1. Basic symbols and the definition of modular forms

Though some basic facts on elliptic modular forms are reviewed in this section,
we do not need them in Sections 2 through 7. Therefore the reader may go
directly to Section 2 after reading §1.1, Lemmas 1.6 and 1.12, and return to this
section before going to Section 8.

1.1. The symbols Z, Q, R, and C will mean as usual the ring of integers,
the fields of rational numbers, real numbers, and complex numbers, respectively.
Also, we denote by Q the algebraic closure of Q in C. Given an associative ring
A with identity element, we denote by A* the group of all invertible elements
of A, and by M,,(A) the ring of all n X n-matrices with entries in A, and put
GL,(R) = M, (A)*. The identity element of M, (A) is denoted by 1,,, or simply
by 1, and the transpose of a matrix X by !X. If A is commutative, we put

SL,(A) = {a € GL,(A) | det(a) = 1}.

Given a (2 x 2)-matrix v with coefficients in any ring, we put v = Z:: Z:}
whenever no confusion is expected. We now put

(1.1a) H={zeC|Im(z) >0},

(1.1b) G =GL2(Q), G' = SLy(Q),

(1.1c) Ga = GLy(R), Gl =SLy(R),

(1.1d) Gay = {a € GL,(R)| det(a) > 0}, Gy =GN Gay.
For v € Gay and z € H we define v(z) € H and j,(z) € C* by

(1.2a) V(z) =7z = (ay2 + by)/(cy2 + dy),
(1.2b) 30 2) = 5y (2) = det(y)"V2(cz + d).
These can be expressed by a single equality

(13) dest) 2y [ 1] = [0 o

We recall easy relations
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(1'43“) jaﬁ(z) = ja(ﬂz)jﬁ(z)a

(1.4b) Im(az) = |jo(2)]~?Im(2), d(az)/dz = jo(2)72

In fact, we can define vz by (1.2a) even for v € GLy(C) and z € C U {oo}.
Then the last formula of (1.4b) is meaningful for o € GLy(C).

1.2. For a function f: H — C, k € Z, and « € Gay, we define f|ra: H —
C by

(1.5) (fllxe)(2) = ja(2) " f(a(2)) (z € H).
We have
(1.6a) Fllk(aB) = (fllka)llxB,
(1.6b) flk(cly) =sgn(c)*f if ceRX.
For a positive integer N we put
(1.7a) [(N) = {7 € SLy(Z) |7 =12 (mod N)},
(1.7b) I°(N)={~y€SLy(Z)| b, e NZ},
(1.7¢) IW(N)={~vy€ SLy(Z)| ¢y € NZ},
(1.7d) INN(N)={~yeIs(N)|ay—1€NZ}.

Then I'(1) = SLy(Z), I'(N) C It (N) C Ih(N), and I'(N) is a normal subgroup
of I'(1). We call a sugroup of I'(1) a congruence subgroup if it contains I'(N)
as a subgroup of finite index for some .

1.3. Let us now recall the definition of a modular form. We refer the reader
to [S71] for the basic facts on this subsect. We first put, for ¢ € C,

(1.8) e(c) = exp(2mic).

Given a congruence subgroup I" and an integer k, we call a holomorphic function
f on H a (holomorphic) modular form of weight k& with respect to I' if
the following two conditions are satisfied:

(1.9a) fllgy = f for every~y € I.
(1.9b) For every a € I'(1) one has (f|lka)(z) = DrepyCan - €(nz/Ny) with
Can € C and 0 < N, € Z.

We denote by #(I") the set of all such f. The last condition implies in partic-
ular

(1.10) f(z)=> cn-e(nz/N)

n=0
with ¢, € Cand 0 < N € Z. It is known that: (i) .#(I") is a complex vector
space of finite dimension; (ii) .4 (I") = {0} if k < 0; (iil) .#o(I") = C. From

(1.6b) we see that .# (") = {0} if k is odd and —1 € I'. Tt is often convenient
to consider modular forms without referring to I', so we put
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(1.11) M =Up (D),
where I' runs over all congruence subgroups of I'(1). We call an element f of
M1, a cusp form if c,g of (1.9b) is 0 for every « € I'(1). We denote by .7}, the
subset of .#, consisting of all the cusp forms, and put .7, (I") = . N A (I).
For example, we recall a classical fact that #15(I'(1)) = CA with

(1.12) A)=q ] -aM*  a=e(2).
n=1
Moreover, for € Z the function A™/?* can be defined by
(1.13) AT/ (2) = e(rz/24) H(l —-q")",
n=1

and A™/?4(z) € Sy 2 if 0 <r € 2Z. These functions are nonzero everywhere on
H. Let us now put

(1.14) Py ={ae€Gy|ca =0}
Clearly Py = {a € G4 | a(00) = 00}. We have

Indeed, if o € G4 and a(o0) # 0o, then we can put «(oo) = a/c with integers
a and c that are relatively prime. We can find integers b and d such that

ad —bc=1. Put v = [i Z} . Then v € I'(1) and ~y(o0) = a/c = a(x0), and

so v la € Py. This proves (1.15). Because of this equality, we can replace I'(1)
in condition (1.9b) by G.

1.4. Given a subfield @ of C, we denote by (P, I') the set of all elements
f of A (I") of the form (1.10) with ¢,, € @ for all n. We then put .7 (P, I') =
SN M (P, T'). Furthermore, we put

My(P) =Up A1 (D, 1),  Fk(®)=UrSk(® 1),

where I" runs over all congruence subgroups of I'(1).

We extend this to meromorphic functions as follows. For m € Z and & as
above, we denote by 7, (®) the set of all quotients p/q such that p € A 1, (P)
and 0# g € A ,(P) with any k € Z, > 0. We then put <, = 4, (C),

A(I) = {f € | fllmy = f for every v € I'},
L (D, I') = 2y (P) N ey ().
We call the elements of o, (P) P-rational. The elements of % (I") are called
modular functions with respect to I". The orbit space I'\(HUQU{cc}) has a

structure of a compact Riemann surface, which can be presented as an algebraic
curve defined over an algebraic number field. Thus 2% (®P, I') can be identified
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with the field of all algebraic functions on that curve over @ for a suitable choice
of @. For these the reader is referred to [S71, §6.7].

Let Q. denote the maximal abelian extension of Q in C. Then the field
0(Qap) is stable under the maps f — foa for all @ € G4. To show this,
by (1.15) we can reduce the problem to the cases where « belongs to I'(1) or
P, . The case a € Py is obvious. If a € I'(1), the result can be derived from
the fact that % ((I'(N)) is generated by J(z) and “modified” N-division values
of the Weierstrass p-function as stated in [S71, Proposition 6.9]. In [S71] the
field 2% (Qap) is denoted by §, and the stability of § under G is given in [S71,
Proposition 6.22]. Somewhat more strongly we have

Theorem 1.5. Let & be a subfield of C containing Qan. Then f|na €
Ly (B) for every f € o, (P) and every a € G4. In particular, f||mo € A (D)
for every a € Gy if f € M (D),

PRrOOF. The field o is the composite of C and % (Quap); also, <% (Quap)
and C are linearly disjoint over Qap; see [S71, Proposition 6.1, Theorem 6.6
(4), Proposition 6.27]. Therefore % (P) is the composite of ¢ and 2% (Qap),
and so it is stable under G.. Since G4 = I'(1)P; and our theorem is clear
for a € Py, it is sufficient to prove the case o € I'(1). Given f € o, (P), we
put h = f/g with g = A™/12, From (1.13) we see that g € 4%,(Q), and so
h € @ (P). Thus hoa € o (P) for every o € I'(1) for the reason explained
above. Since Alj2a0 = A, we see that g||,a is ¢ times a twelfth root of unity,
and so it is contained in 47, (®). This proves the first assertion of our theorem,
as fllma = (h o a)g||ma, from which the assertion for f € .#,,(®) follows
immediately.

Lemma 1.6. For a function f on H given by f(z) =Y " ane(nz/N) with
an € C and 0 < N € Z, the following assertions hold. (In each statement, « is
a positive constant.)

(i) f(x +iy) —ao = O(e=2™/N) uniformly as y — oo.

ii) a, = 0(n%) = f(z+iy) =0y *') uniformly as y — 0.

i) Y00 o lann™ <oco = f(z+iy) = O(y~*) uniformly as y — 0.
iv) f(z+iy) = O(y~®) uniformly as y - 0 = a, = O(n®).

v) f(2) = f(=%2) if an € R for all n.

PrOOF. Changing f for f(Nz), we may assume that N = 1. Assertion (i)
is clear, as f is a convergent power series in €27, We will prove (ii) in the
next section after (2.14). To prove (iii), let ¢ = f — ap. Then Y ;_, |ax| <
Sici lael(n/k)* < n* Y0 |axlk™™ < Bn® with some B > 0. Thus (1 —
e=2m) T g(2)| < Yoo €2 Y00 Janle 2 = 3007 e S Jax
BY > n% 2™ = O(y~°~!) asin (ii). Therefore we obtain (iii), as 1—e 2™
O(y) as y — 0. For f asin (iv) we have |a,e™2™| = | fol flz+iy)e™ 2™ dg| <

[=h

(
(i
(
(

[l IA
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Ay~* with some A > 0 for sufficiently small y. Taking y = 1/n, we obtain (iv).
The last assertion is an easy exercise.

Lemma 1.7. Given f € #y, there exists a positive constant K such that
If(2)] < K(1+y~*) on the whole H. If f € %}, then we can take K so that
|f(2)] < Ky=*/2 on the whole H.

PROOF. Suppose f € #i(I'). Let T = {2z € H|Im(z) > 1/2}. Since T
contains the well known fundamental domian for I'(1)\H, we have H = I'(1)T,
and so we can find a finite subset A of I'(1) such that H = (J,c4 'aT. Put
fa = fllka. Given z € H, there exists @ € A such that z € yaT with some
v el Put B=a~ly~. Then f = fllxaf = fulleB = jo(2)* fa(82). Now f.
is bounded on T, and hence there is a positive constant K such that |f,(w)| < K
for every w € T and every a € A. Thus |f(2)| < K|cgz +ds| ™%, as Bz € T. If
cg # 0, then |f(2)| < Klegy| ™" < Ky~*, as|cg| > 1; if ¢g = 0, then |f(2)] < K.
This proves the first assertion. Suppose that f is a cusp form. Put g(z) = y*|f|?
and observe that g is I-invariant and goa = y*|f,|?, which is bounded on T, as
fa is a cusp form; see Lemma 1.6 (i). Thus we can find a positive constant M such
that |g(az)| < M for every o« € Aand z € T. Given z € H, take y€ I, a € A,
and w € T so that z = yaw. Then |y*f(2)?| = g(2) = g(yaw) = glaw) < M.
This completes the proof.

Lemma 1.8. If f(z) = Yo" ane(nz/N) € My, then a, = O(n*). If in
particular f is a cusp form, then a, = O(n*/?).

This follows from Lemma 1.6 (iv) combined with Lemma 1.7.

Theorem 1.9. (i) For every k € Z, > 0, we have 4, = M 1,(Q) ®q C.

(ii) Given f(z) = >.0" qane(nz/N) € My and a field-automorphism o of
C, define an infinite series f7(z) formally by f7(z) =Y. ,a%e(nz/N). Then
this defines a holomorphic function on H and f° € M.

PROOF. Assertion (i) can easily be derived from the facts that the curve
C =TI'(N)\(HUQU{oo}) has a Q-rational model and that for every Q-rational
divisor X on C the linear system .Z(X) has a basis contained in % (Q, I'(N)).
These are explained in [S00, pp. 62-64] in a more general case; (i) is actually a
special case of [S00, Theorem 9.9]. Given f as in (ii), we can put, in view of
(i), f =2 ,ex cgg with a finite subset X of .#Z;(Q) and ¢, € C. Then clearly
fo= dex cgg, which proves (ii).

We can also prove that .#;,(Q) can be spanned by the elements whose Fourier
coefficients at oo are contained in Z; see [S75d, Theorem 1] and [S76a, pp. 682
683]. See also [S71, Theorem 3.32], though the result stated there concerns only
cusp forms. We will present explicit examples of generators of Y, .#1(Q) in
Section 10.
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1.10. In this and next subsections we recall some basic terms such as elliptic
points and cusps, and discuss how they are related to the dimension formula for
A 1,(I'). The full treatment of these topics can be found in the first two chapters
of [S71]. First of all, we call an element o of G! elliptic if o # +1 and « has
a fixed point on H. Such a fixed point is unique for «. Let I" be a congruence
subgroup of I'(1). An element «, # +1, of I" is elliptic if and only if « is of
finite order. The order of an elliptic element of I" is 3, 4, or 6. By an elliptic
point of I" we understand a point fixed by an elliptic element of I'. The images
of an elliptic point of I" under I" are also elliptic points of I". We can then find a
finite complete set of representatives for the elliptic points of I" modulo I'. Given
an elliptic point w of I') we put

(1.16) Ty = {y € {1} | y(w) = w}.

Then I'y,/{%1} is of order 2 or 3. We call w an elliptic point of I" of order 2
or 3 accordingly.

Next, there is a notion of a cusp. Since we are considering a subgroup I" of
I'(1), the set of cusps of I' is merely Q U {oco}. Put

(1.17) Pl={aeG'|ca =0}, TIp=INP.

In view of (1.15) we have G! = I'(1)P;, and the map « — «(00) gives a bijec-
tion of I'(1)/I'(1)p onto Q U {oo}. Thus I'\(Q U {o0}) can be identified with
I'\I'(1)/I’(1) p, which is clearly a finite set. For s € QU {oco} put

(1.18) Iy={ael|a(s)=s}

and let p be an element of I'(1) such that p(s) = oo. Then we can find a positive
integer h such that

(1.19) (£1)plp ! = {il}{ [(1) ff] ne z}.
If —1 € I', we have 0 ]H € plyp~t. If —1 ¢ I, however, there are two

possibilities; pI,p~! 01
is a regular cusp or an irregular cusp of I" accordingly. This definition does
not depend on the choice of p. (We can define these with p € SLo(R). Since
our group I is contained in I'(1), we can restrict p to I'(1). Then h is always

a positive integer.)

is generated by Ll) H or by — [1 h} . We say that s

1.11. We fix a congruence subgroup of I'(1) and let v5 resp. vs denote the
number of I'-inequivalent elliptic points of order 2 resp. 3. Further let m be the
number of orbits in I'\(Q U {co}). Then the genus ¢ of the compact Riemann
surface I'\(H U Q U {oc}) is determined by
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(1.20) 12(g — 1) = [['(1) : {£1}I] — 3wy — 4vz — 6m;
see [ST1, Proposition 1.40].

When —1 ¢ I, let u resp. u' denote the number of I-inequivalent regular
resp. irregular cusps of I'. Clearly m = u + /.

Since f||r(—1) = (=1)¥f, we see that .#(I") = {0} for odd k if —1 € I.
Therefore, whenever we consider .4 (I") for odd k, we assume that —1 ¢ I
We now state the formula for dim.#(I") and dim.#(I") — dim .7, (I") for
O<keZ:

(k=1)(g—1)+km/2+ ¢ (2 < ke2Z),
dim%k(F): g+m-—1 (k=2),
(k—1)(g—1)4+uk/2+u(k—1)/24+e (0<k—1€2Z),

Ep = Vl[k/4] + V3[k/3],

m (2 <k € 227),
dim #73,(I') = dim Z%(I') = § (0 < k—1 € 2Z)
u/2 (k=1).

The formula for dim . (I") is included in [S71, Theorems 2.23 and 2.25]. That
for dim .4, (I') — dim . (I") can be derived easily from those theorems except
in the case & = 1. To prove the case k = 1, let the symbols B, Q;, ;-, and 7
be as in [S71, p.47]. For k=1 we have [B] = 2~ 'div(n) + 27! > =1 @ and

[B— Y0, Q- 27 Y0, Q] =2 Mdiv(y) — 27 XU, Q) = div(y) — [B).
By the Riemann-Roch theorem we have
(%) (([B]) = deg ([B]) — g + 1 + £(div(n) — [B]).

Now dim .7 (I') = ¢([B]) and dim.7(I") = ¢([B- Y%, Q; —27' % Q1))

by [S71, (2.6.1), (2.6.2), and Lemma 2.21]. Since deg (div(n)) = 2g —2, from (x)

we obtain dim .# (") = u/2+4 dim ., (I") as expected. Thus v is always even.
Finally we note that

(1.21) dim.#x(I) = u/2 and Z(I) = {0} if u>2g—2,

as stated in [S71, (2.6.7), (2.6.8)].

Let us now discuss, as easy examples, regular and irregular cusps in the case
I' = I';(4). We see that I'h(4) = {£1}11(4), and so by [S71, Proposition 1.43] we
have vo = v3 =0 and m = 3 for this group, and consequently g = 0. Since u
is even and < 3, we have u =2 and v = 1. Then we easily see that the above
formula for dim.#(I") takes the form

(1.22) dim ., (I1(4)) =1+ [k/2] (0<keZ).
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Take the cusp s = 1/2. Then, for p = [_12 1] we have
1 1 1 -1
1 _
P [o 1] P [4 —3} € I1(4)s.
. 11 . .
This shows that — 0 1| € pl(4)sp™, and h = 1 in the present case, as

0 < h € Z. Thus we can conclude that s = 1/2 is an irregular cusp, and so the
remaining two I'-classes of cusps must be regular.

The group I'(4) is neither special nor typical in the sense explained in The-
orem 1.13 below. We first prove

Lemma 1.12. Let x be a primitive Dirichlet character of conductor 2g with
0<g€Z. Then x(1—g)=-1.

PROOF. Since g is even, we have (1 — g)%2 — 1 € 2¢Z, and so x(1 —g) = +1.
Suppose x(1 —g) = 1;let z =1 —yg with y € Z. Thenz — (1 — g)¥ € 2¢7Z,
and so x(z) = 1, which is a contradiction, as 2¢g is the conductor of x. Thus
x(1 —g) = —1 as expected.

We will give a shorter, if nonelementary, proof of this lemma in the proof of
Theorem 4.14 (ii).

Theorem 1.13. (i) It (N) has no irreqular cusp if N # 4.

(ii) Let I = {y € I(N) lx(dﬂ,) = 1} with a real character x of (Z/NZ)*
such that x(—1) = —1, and let t be the conductor of x. Then I' has an irregular
cusp ezactly in the following two cases: (a) t is even and N/t is an odd integer;
(b) 8|t and N is 2t times an odd integer.

PROOF. Suppose I (N) has an irregular cusp. Then —p~! [(1) }f] p € I(N)

with some pe€ I'(1) and 0 < h € Z. Put p = [(2 Z} and a = —p~! [(1) iﬂ p-
Then

~1—cdh —d?h
(1.23) “= [ h cdh— 1] '
This belongs to I1(N) only if cdh + 2 € NZ and cdh — 2 € NZ, in which case
4 € NZ. This is impossible if N # 4, as I'(1) and I'(2) contain —1. Thus we
obtain (i).

To prove (ii), we first note that —1 ¢ I" and IH(N) = {£1}I for I" defined
there. Our setting means that ¢|N. Suppose I" has an irregular cusp. Then we
can find p and h such that « defined as above belongs to I', and (1.23) shows
that t|c2h. Suppose t is odd; then t must be squarefree, as x is real. Thus
t|ch, and x(cdh — 1) = x(—1) = —1, which is impossible, as « € I'. Therefore
t is even, and so t = 4r or ¢t = 8r with an odd integer r. If t|ch, we are again
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led to a contradiction, and so t{ch, though t|c*h. Since 2r is squarefree and
2r|c?h, we have 2r|ch. Suppose c is odd. Then 4|h or 8|h according as t = 4r
or t = 8r. Since r|ch, we have t|ch, a contradiction. Thus we can put ¢ = 2z
with € Z. We now proceed according to the nature of ¢ and the parity of .

(1) Suppose t = 4r; suppose also that = is even. Then 4|c and 4r|ch, as
rlch. This is a contradiction. Thus z is odd if ¢t = 4r. Since r|z%h, we have
rlzh. If h is even, then 4|ch, and so 4r|ch, a contradiction. Thus h is odd.
Since 4r|N, N|42%h, and xh is odd, we see that N is 4r times an odd integer.
This falls into Case (a) of (ii).

(2) Next suppose t = 8r; then2r|z?h. If = is odd, then 2|h, but 41h, as
8rfch. Thus h = 2g with an odd integer g. This time 87|N and N|8z2g. Since
xg is odd, we see that N is 8r times an odd integer. This falls into Case (a) of
(ii).

(3) It remains to consider the case in which ¢t = 8 and z is even. Put
x = 2y. Then 7|2y%h and 2r{yh. Since r|yh, we see that yh is odd. Now 8r|N
and N|[16y2h. Therefore N is either 8 times an odd integer or 167 times an
odd integer. Consequently (N, ¢) falls into Case (a) or (b). This completes the
proof of the “only if”-part of (ii).

Conversely, suppose (N, t) is of type (a) of (ii). Then we can put N = (2e+1)t
; ﬂ (that is, c=2 and d=1) and h = (2e + 1)t/4.
Then c?h = N, cdh = (2e +1)t/2, and x(cdh —1) = x(t/2 —1) = 1 by Lemma
1.12, as x(—1) = —1. Thus « € I, which means that 1/2 is an irregular cusp.

Next supose ¢ = 8r and N = 2t(2f +1) with f € Z. Take p = [}1 ﬂ (that

is, c=4 and d = 1) and h = 7(2f + 1). Then ¢®h = N, cdh = 4r(2f + 1),
and x(edh —1) = x(4r —1) =1 by Lemma 1.12. Thus « € I', and so 1/4 is an
irregular cusp. This completes the proof of our theorem.

with e € Z. Take p = [

Take N = ¢ = 8 in (ii), for example. Then I'H(8) = {£1}I". In this case m =4
with m as in §1.11. Since oo is aregular cusp, we obtain u = v’ = 2 in this
case.

2. Elementary Fourier analysis

2.1. Let us first recall some basic facts on the gamma function I'(s). It is a
meromorphic function on C with the following properties:

(2.1a) I'(s) :/ e 't""tdt if Re(s) >0,
0

(2.1b) I'(s+1)=sI(s),

(2.1c) I'(s)~! is an entire function,
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(2.1d) The set of poles of I' consists of 0 and all negative integers, and each pole
is of order 1,

(2.1e) I'ln)=(mn-1)! if 0<ne€Z,
(2.11) r(1/2) = v,
(2.1g) I'(m+1/2) € T Q*.

The last fact follows from (2.1b) and (2.1f). Substituting at for ¢ in (2.1a), we
obtain the following formula at least when 0 < a € R:

(2.1h) I'(s)a™*® :/ e~ “t*"Ydt if a€ C, Re(a) >0, and Re(s) > 0.
0

Here a=® = exp(—sloga) with the standard branch of loga for Re(a) > 0.
Indeed, the integral is meaningful for Re(a) > 0, and defines a holomorphic
function of a. (See Theorem Al.4 of the Appendix.) Since it coincides with
I'(s)a™* for 0 < a € R, we obtain (2.1h) as stated.

In this section, or rather in this whole book, a function is a C-valued function,
unless stated otherwise. For f € L'(R") we define its Fourier transform f
by
(2.22) fla)y=| fly)e(-"wy)dy (z € R"),

RTL
where we consider z and y column vectors, so that ‘zy = >"_, x,y,. Then f
is a continuous function; moreover if f € L!(R"), then

(2.2b) flz) = . f)e(tzy)dy

holds almost everywhere. This is called the Fourier inversion formula. If
fe LY (R")NL3(R"™), then f € L*(R") and f has the same L?-norm as f, that

is,

(2.20) | fwPay= [ if@pPd.

This is called the Plancherel formula. For these and other facts on Fourier
analysis stated in this section but not proved, the reader is referred to any
textbook on real analysis or Fourier analysis, and also to Section A2 of the
Appendix.

It is well known that the function exp(—ma?) is its own Fourier transform,
that is,

(2.3) / exp(—7a?)e(—xt)dr = exp(—mt?).
R
We give here a short proof as follows. We recall the formula ffooo exp(—ax?)dx

= \/7/a, or equivalently, ffooo exp(—ma?)dr = 1, which can be found any ele-
mentary calculus book. We now prove
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(2.4) / exp (—m(z+2)%)dz =1 for every z € C.
R

Indeed, for z = u + it with real v and t we have
exp (— m(z + u +it)?) = exp (— 7(z 4+ u)?) exp (— 27 (x + u)it) exp(7t?).

This shows that the integral of (2.4) is uniformly convergent for z in a compact
subset of C. Therefore the left-hand side of (2.3) is holomorphic in z. (See
Theorem Al.4 of the Appendix.) Also, the value of the integral is 1 if z € R.
This proves (2.4), as a holomorphic function on C is determined by its values on
R. Taking z = it, we obtain (2.3) from (2.4).

2.2. Let L be a lattice in R™, that is, a discrete subgroup of R™ isomorphic
to Z™, and let

(2.5) L={zeR" | tey € Z for every y € L}.

We easily see that vol(R™/L) = vol(R"/L)~!. Given g € L*(F), F = R"/L,
we define the Fourier coefficient ¢ of g for each £ € L by

(2.6) ce :VOl(F)’l/Fg(as)e(—tfx)dx.

This is meaningful, as e(*¢x) defines an element of L?(F) and the integral is an
inner product of that element and g. Moreover,

(2.7) vol(F) 3 lecl = [ lota) P

ecl

which is similar to (2.2c). Now we have

(2.8) g(x)= Z cee(*éx) if g is continuous on F and Z lee] < o0.

¢el 1337
In fact, put h(z) = g(z) — > cee(*€x). Observe that h is continuous on F if
g is continuous and ). [c¢| < oo. Clearly all the Fourier coefficients of h are
0. Therefore (2.7) applied to h shows that h = 0. This proves (2.8). From this
we can derive

Theorem 2.3 (Poisson Summation Formula). Let f be a continuous
function belonging to L*(R™). Then

(2.9) vol(R"/L) > " f(z+0) =Y f(m)e('ma),

Lel mel
provided both sides converge absolutely and uniformly. (As for the right-hand
side, this means the convergence of Y, i |f(m)].) Especially,
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(2.10) vol(R"/L) Y f(0) = Y f(m
tel meL
ProoF. Put g(x) = > ,c; f(x + £). This is continuous on F. Then for
m € L we have

/ g(z)e(~'ma)dr = Z flz+Oe(—"m(x +£))dz

Frer
f( Je(~'mz)dx = f(m).
Hence (2.8) gives our formulas.

Remark. The absolute convergence of the right-hand side of (2.9) is guaran-
teed if the left-hand side defines a C” function with r > n/2; see Theorem A2.2
of the Appendix.

2.4. For fixed s € C and z € H define f by f(t) =t*"te(tz) for t > 0 and
f(t) = 0 for t < 0. This is integrable if Re(s) > 0 and continuous if Re(s) > 1.
By (2.1h) we find that f(u) = I'(s)[—2mi(z — u)]~* if Re(s) > 0. We see that
f € L?>(R) if Re(s) > 1/2, and so the general principle of the Fourier transform
says that f € L2(R) if Re(s) > 1/2, which means that [—2mi(z — u)]2* is
integrable for Re(s) > 1/2. Consequently, fe L'(R) if Re(s) > 1. Applying
(2.2b) to this case, we obtain

o0 sfle P 07
e 1w | [—2m<z—u>we<w>du:{’; e

— 00
for Re(s) > 1, which can be written also

°° s itw g ) 2T e (t>0),
(2.12) F(s)/ (y +iz)""e"dr = {0 (t <0)

— 00

for Re(s) > 1, y > 0. Now (2.10) applied to this case produces

(2.13) Zn =1I(s) Z [27i(z —m)]™° (Re(s) > 1, z € H).

meZ

In particular, taking s = k € Z, we obtain

n*~le(nz) (1<k€Z, z€H).

NE

(2.14) (k=1 Y (z+m)~F = (—2mi)"

meEZ n

1

Either of these two equalities is called the Lipschitz formula.
We insert here the proof of Lemma 1.6 (ii). By (2.13) we have

Z”“ I = Pla+1) Y [2ry+2mim] 7 (0<y€eR, 0<a€cR)
meZ
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The last sum minus the term for m = 0 is uniformly convergent if o > 0 and
y is small, and so the sum is O(y~*~!) as y — 0, which proves the desired fact.
Putting

(2.15) q=-e(2) (z€C)

for simplicity, we can extend (2.14) from H to C as follows:

. P
(216) (k=11 (z+m)* = (2mi)* - q’“i(‘l)k (1<keZ :€C, ¢Z)
= (a—1)
with a polynomial Py of degree k — 2 with coeflicients in Z, which satifies a
recurrence formula

2.17 Py = (kx — 2+ 1)P, — (22 — 2) P/, Py(x) =1.
k

Indeed, we have > 2 nq"” = q/(1 — q)?, which combined with (2.14) gives
(2.16) for z € H in the case k = 2. Applying d/dq successively to that case, we
obtain (2.16) for z € H with P satisfying (2.17). Since both sides of (2.16) are
holomorphic in z € C, ¢ Z, we obtain (2.16) for such z and k > 1.

In fact, we have a formula even for k£ = 1:

e(z)+1
e(z) —1

This is classical and can be found in most textbooks on complex analysis. Once
(2.18) is established, we obtain (2.16) by applying d*~!/dzk~! to (2.18). Con-
versely, (2.18) can be derived from (2.16) as follows. Since equality (2.16) for
k =2 is “the derivative” of (2.18), we see that (2.18) is true up to addition of a
constant. The right-hand side of (2.18) equals

(2.18) i - :z_1+i{(z+n)_1+(2—n)_l} (z€C, ¢ 7).

= 2z = 2n2% > >
Z—1+§ :ﬁzz—l_zﬁzz—l_2222m+l§ :n_2m_2.
n=1 z n n=1 nocz m=0 n=1

The left-hand side of (2.18) is i + 27i(e(z) — 1), which equals
i+ 2 Y1+ miz+ -0 )7h

Thus the Laurent expansions of both sides of (2.18) have 0 as their constant
terms. This proves (2.18).
Here are the explicit forms of Py, for 3 <k <5:

Py(x)=x+1, Pylx)=2%2+4z+1, Ps(z)=23+ 1122+ 11z +1.
We will prove in §4.4 the formula

(2.19) 2" 2P, (z71) = P, (x).



18 I. PRELIMINARIES ON MODULAR FORMS AND DIRICHLET SERIES

We will also prove in §§4.4 and 9.1 two recurrence formulas:

(2.20) Pyi(x) = z_: (Z) (z—1)"FP i (x) (n>0, P(z)=1),

k=0

(2.21)  Poyis(@)— (2 —1)2P, s(z 12:1;2( ) ut8(2) Po_aya(z) (n>0).

2.5. We now consider a theta function of the simplest type:
(2.22) 0 (z, a) = Z n"e(n’z/2) (€ H).
n€a+NZ
Here r=00r 1,0< N €Z, a€Z,and a+ NZ = {n€Z|n—a€NZ}.
The convergence of the last infinite series can easily be seen, as |e(n?z/2)| =

exp(—mn?y) with y = Im(z) > 0. We have a tranformation formula
N

(2.23) O3 (—(N%2)71, a) = (—iN)"(—iz) 2 +D/2 Y "e(ab/N)0y (2, b)
b=1

= (—iN)"(—iz)?rtD/2 Z e(na/N)n"e(n?z/2),
neZ
where (—i2)® denotes the branch that becomes y* when z = iy, y > 0. To prove
(2.23), we first note

(2.24) /Re(u2z/2)e(ftu)du = (—iz)"2e(—t2271/2) (z€ H,teR).

Indeed, this equality is true if z =iy, y > 0, by virtue of (2.3). Since both sides
are holomorphic in z, we obtain (2.24). Applying 0/0t to (2.24) and combining
the result with the original (2.24), we obtain

(2.25) /Ru’"e(—uZZ_l/Z)e(—tu)du =i (—iz)# D/ 2e(22/2)  (r=0, 1).

Differentiation can be justified by Theorem A1.3 (2) of the Appendix. Take
f(x) = 2"e(—2%271/2) and L = NZ in (2.9). Then the left-hand side of (2.9)
for x =a is
N Z(a + Nn)"e(—(a+ Nn)?271/2) = NOY (21, a).
neZz

Since L = N~'Z, the right-hand side of (2.9) for = = a is D ohez e(ah/N)f(h/N).
From (2.25) we obtain f(t) = i~ "(—iz)2"+1/2¢7e(t22/2). Therefore, substitut-
ing N2z for z, we see that (2.9) in the present setting can be written in the

form (2.23)
In particular, in the case N =1 put
(2.26) 0(z) = 09(22,0) = > e(n’z) (z € H).

neZz
Then from (2.23) we obtain
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(2.27) 0(—(42)71) = (—2iz)1/%0(2) (z € H).

Another good example is

= /3
2.2 = = 22/24 H).
(2.28) 1) =3 (3)etwtzn e

We have 2n(12z) = Z}Lil ¥(a)895(z, a), where ¢(a) = (2). Taking r =0 and
N =12 in (2.23), we can verify, after a few lines of easy calculation, the first of
the following two equalities:

(2.29) n(—z71) = (=iz)*n(z),  n(z+1) =e(1/24)n(z).

2

The latter equality follows from the fact that n® — 1 € 24Z if n is prime to

6. Since I'(1) is generated by [(1) 01] and {é ” , from (2.29) we see that

n(v2) = (i, (2)/2n(z) for every v € I'(1) with a 24th root of unity (. Con-
sequently 7?* belongs to .#12(I'(1)) and even to .#12(I'(1)), as can easily be
seen. Since that space of cusp forms is generated by A, we can conclude that
n?* = A. This 7 is traditionally called Dedekind’s eta function. In general, it
can be shown that 67, (¢z, a) for 0 < ¢ € Q is a modular form of weight r+1/2;
see [ST73].

3. The functional equation of a Dirichlet series

3.1. Given a function f(z) =) ,° a,e(nz/N) on H, we are going to asso-
ciate a Dirichlet series Y 7 | a,n~*. To state the results in the form suitable for
our later applications, we take f to be a holomorphic function on H given in
the form
(3.1) f(z)= Z age(éz), ag=0 for £¢h'Z

0<£€eQ
with a¢ € C and some h € Z, > 0. This f may or may not be a modular form.
Fixing a positive integer N and a real number k, we put

(3-2) f#(z) = N“*2(—iz) R f( = (N2) ™),

where the branch of (—iz)~" is taken so that it is real and positive if z € HNiR,
and assume that f#(z) can be written in the form f#(z) = > o<ceq bee(€z),
be = 0 for £ ¢ h™'Z. We also assume that |ag| = O(£Y) and |be| = O(£%) as
¢ — oo with some o € R, and put

(3.3) D(s, /)= ae&™®,  R(s, f) = (2m)°T'(s)D(s, f).

£>0
Clearly the sum over & > 0 converges for Re(s) > « + 1, and so D(s, f) is
meaningful as a holomorphic function on that half plane; the same is true for
D(s, f#).
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We can take any element of .# to be f, as the estimate of a¢ and b holds
by virtue of Lemma 1.8.

Theorem 3.2. In the above setting R(s, f) and R(s, f#) can be continued
as meromorphic functions to the whole s-plane with the following properties:

(3.4a) N/2R(s, f) = -2 4 bo

S S —

(3.4b) R(k—s, f) = N*=F/2R(s, f#).

+ an entire function,

In particular, R(s, f) is an entire function if ag = by = 0.

PROOF. We easily see that (f#)# = f. Put F(y) = f(iy) — ap and G(y) =
f#(iy) — bg. Then termwise integration shows, in view of (2.1h), that

/0 TRy =3 ac / Te Tty lay = (s 2m) 0 Y act~ = Ris, f).

£>0 £>0

This is justified for Re(s) > a + 1, because of the convergence of Y~ |ag&™*|.
(See (A1.2) of the Appendix.) Put p = N~/2. We have

R(k—s, f) = /Op Fy)y*="tdy + /:O Fy)y*=="dy
at least for Re(k — s) > a + 1. Substituting (Ny)~! for y, we obtain
(+) /Op Fly)y* 'y = N>"" /poo F((Ny)™')y* =" dy.
Now F((Ny)~') = f(i(Ny)~™1) — ap = N*?y*[G(y) 4+ bo] — ap. Thus (x) equals

Ns—k/Q/ G(y)ys_ldy+Ns_k/2b0/ ys—ldy_Ns—kao/ ys—k—ldy.
P p p

The last two terms are —bgN*~*)/2 /s and agN*~*)/2 /(s—k), provided Re(s) <
0. Therefore

Rik—s, f) = / Fly)yh "y + N+ / Gly)y*dy
p p

agNG=F)/2  p N(s=k)/2
s—k s

for Re(s) < Min{0, k — o — 1}. In view of Lemma 1.6 (i) we see that the two
integrals over [p, 0o) are convergent for every s € C and define entire functions
of s. Consequently N*~5)/2R(k — s, f) can be continued to an entire function
plus ag/(s—k)—bo/s. Take f# in place of f and substitute k—s for s. Thus,
exchanging (F, ag) for (G, by), we have
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R(s, f#):/ G(y)ys’ldy+N’“/2’5/ F(y)y" = 'dy
P

p
b N—s/2 N—s/2
Yo + ao ’
s s—k

which equals N*/2=*R(k — s, f). This completes the proof.

3.3. We apply the above theorem to the series

(3.5) MY y(s)= > nVn|7>

0#n€a+NZ
Here v € Z,0 < N € Z, and a € Z. Clearly this is convergent for Re(2s+v) > 1.
For every c € Z we have

(3.6) MY3(s) = MY N (s +c).

We cannot extend this to the case ¢ € 271Z, as |n|** may be different from n2c.

Thus we can reduce the problem about the analytic nature of the series to the
case v = —1 or v =0, according as v is odd or even.

Theorem 3.4. The function (N/m)°I'(s)M} y(s) can be continued to the
whole s-plane as a meromorphic function, which is entire if v = —1. If v =0,
it is an entire function plus N~=Y%(s —2=1) =t = §(a/N)s~t, where 6(x) =1 if
x €Z, and §(x) =0 otherwise.

PrOOF. Take 6% (2, a) of (2.22) and N? as f and N of Theorem 3.2, and
let k =7+ 1/2. Then by (2.23) we have

N
f#(z) =iT"N"Y2) " e(ab/N)y (2, b).
b=1
Thus ag = by =0 if 7 = 1. For r = 0 we have ag = §(a/N) and by = N~1/2,
Also, D(s, f) =2°M, y(s) and N°R(s, f) = (N/m)*I'(s)M, y(s). Therefore we
obtain our theorem with v = —r from Theorem 3.2. Then the first statement

of our theorem follows from (3.6).
Taking 7 =0 or 1, from (3.4b) we obtain
(3.7 ok D(k —s)M y(k—s) = R(k — s, ) = N**"FR(s, f#)

N
— N2s—r-1 —s]“ TZeab/N ()
b=1

where k =r+1/2. The sum Zév , can be written Zévzl if r=1,as M(;}V =0.
Putting s = 1, we obtain M N(1/2) (i)~ Eb 1 e(ab/N)Mb_’]{,(l). Since
M; n(s) = M, n(s+ 1), this proves (3.8) below.

H’7
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Theorem 3.5. Define My y by (3.5) with integers a and N such that 0 <
a < N, and put ¢ =e(1/N). Then

N-1
(3.8) M n(=1/2) = MZC‘“’MW
b=1
(¢ + (¢ =17 (v=1),

v— INV v —
(3.9) (v =DIN"MZ n(0) { (2mi)"C* P (C)(C =) (I<wveZ),

where P, is the polynomial of (2.16) and (2.17).

PRrROOF. To prove (3.9), we first consider the case v = 1. Taking z to be a/N
with 0 < @ < N in (2.18) we obtain

(3.10)  (mi/N)(¢*+1)/(¢*—1)=a"t + Z {(a+nN)"" + (a—nN)"'}.

n=1

To show that this equals M, (0), we observe that

M y(s/2)=a 75+ {(a+nN)""a+nN|"* + (a — nN)'|a - nN|~*}
n=1
for Re(s) > 0. The right-hand side with s = 0 becomes the right-hand side of
(3.10), and so we obtain the desired formula for M;N(O), provided this barbaric
argument can be justified. To that end, we multiply the last equality by —(1 +
s)~L. Thus
MEy(s/2) a1
B — S 2 { N —a) " — (AN a)-Ls L
s 1+5+n21+$ (nN —a) (nN + a) }

The n-th term of the last infinite sum can be written fn +a 272 %dx. If n > 1,
then nN —a > 1, and so the integral for 0 < s € R can be majorized by
fgfvj; r72dz = (nN —a)~! — (nN + a)~! = 2a(n®?N? — a®)~1. Therefore the
last infinite sum is uniformly convergent for 0 < s € R. This proves (3.9) for

v=1.
The case v > 1 is simpler. Substituting a/N for z in (2.16), we obtain (3.9)
for v > 1.

3.6. We defined M} \ by (3.5) and formulated the results about its special
values as in the above theorem, simply because they appear as constant terms
of the Eisenstein series that we will discuss in Section 9. To state the formulas
in a style closer to the traditional one, for r =0 or 1 and a € Z, 0 < a < N, put

(3.11) Diy(s)= > nlln]7"0
0#n€a+NZ

It should be remembered that the sum is extended over both positive and nega-
tive n. We see that D;’N = 0 if a = 0. For this reason we assume 0 < a < N if
r = 1. Clearly
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(3.12) Dy y(2s+2m —1) =M, n(s+m) = Mff}l(“”(s),

a

a

and so D, y(s) = ijr\,((s +1)/2). Therefore from Theorem 3.4 we obtain the
following theorem except (3.13a, b).

Theorem 3.7. The product (N/m)*/*I'((s + T)/Q)D;N(S) can be continued
to a meromorphic function on the whole s-plane, which is an entire function
if r=1.1If r =0, it is 2N~/2 /(s — 1) — 26(a/N)/s plus an entire function.
Moreover,

(3.13a) Dry(r—2m)=0 if 0<meZ,
(3.13b) DY (0) = —é(a/N).

Formula (3.13a) follows from the fact that I'(s) has poles at s = —m with
0 < m € Z; similarly (3.13b) follows from the analysis of I'(s/2)DJ y(s) at
s=0.

If N=1and r =a =0, then 27'Df (s) coincides with the Riemann zeta
function ((s) =~ n*, and we obtain a few well known facts. Namely, put
£(s) = n=%/2(s)¢(s). Then

1 1
(3.14) E(1—3s)=¢&(s) = =1 + an entire function.

Since Dy, y(2m — 1) = MsTV_T(O), the value Dy, y(2m —r) for 0 < m € Z
and 7 = 0 or 1 can be given explicitly by (3.9). We will give the formulas in
Theorem 4.7 of the next section. Here we state the explicit functional equation
for Dy (s). Namely, by (3.7) we have, with k =r+1/2,

I'(s ﬂ-k_Zs - r —2s
(3.15) Dy n(r+1—2s)= NQS_T_lf(’(I)c—s)Z Z e(an/N)n"|n| 2
0#n€Z
I k—2s N
_ N2s—v-—1p<2f Y elab/N)Dy (25 ).
b=1

From (2.1b, ) we obtain I'(1/2 —t) = ¥/2(=2) ]’ _,(2v — 1)~ for 0 <t € Z.

v=1

Therefore
(3.16) Dy n(r+1—2m)

N

=2 (2m — 1 — r)IN?>"="=1(2mi) 2" ) "e(ab/N) Dy y(2m — 7).

b=1
Thus Dy y(r +1—2m) is a Qap-linear combination of (27ri)r’2ng)N(2m —r)
for 0 < b < N. In Theorem 4.7 we will present a simpler way of expressing
Dy n(r+1—2m).



CHAPTER 1I

CRITICAL VALUES OF DIRICHLET L-FUNCTIONS

4. The values of elementary Dirichlet series at integers

4.1. We first introduce the Euler numbers and the Euler polynomials not just
in the classical sense, but in more generalized forms by putting

(41) (1+c)e? _ Z E.p n

e%* 4 ¢ n!
n=0

3

(4.2) (1 + c)et? _ Z E. (1) o

e +c n!

n=0

Here ¢ = —e(a) with o € R, ¢ Z. Thus ¢ # —1. The standard Euler numbers
and the Euler polynomials are F1 ,, and E4 ,,(t), that is, the symbols in the case
a =1/2 and ¢ = 1. Though they are usually written E,, and E, (t), we include
1 in the subscript for the purpose of distinguishing them from the Eisenstein
series that we will introduce later. Thus E., and E.,(t) may be called the
generalized Euler numbers and the generalized Euler polynomials. To
make our formulas short, put b = —(1 4 ¢)~!. Then we have

(4.3a) E.n= 2nEC,n(1/2)ﬂ
n—1

(4.3b) Een(t)=1"+b) (Z) E.x(t), b=—(14c¢c)",
k=0

(4.3c) (d/dt)E.n(t) =nE;n—1(t) (n>0),
(4.3d) Bon(t+1) + cBon(t) = (1 + c)t™,
(4.3e) Eion41 =0,

(4.3f) Een(1—1) = (=1)"Ec-1,(t),
(4.3g) Ee=1,,(0) = (=1)"*1cEen(0).

All formulas except (4.3c) are valid for n > 0. Formula (4.3a) can be obtained
by substituting (1/2, 2z) for (¢, z) in (4.2). Since —b(e*+¢) =1-b) ~, z"/n!,
(4.2) can be written

o0 tnm ; X _n oo Ec,n(t) n
RO DI
n=0 n=1 n=0

25
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which produces (4.3b). Applying d/dt to (4.2), we obtain (4.3c). From (4.2) we
obtain 07 {Ecpn(t+ 1) + cEcp(t) }2"/nl = (14 c)e'*, which gives (4.3d). We
will prove (4.3¢) and (4.3f) in the Remark after the following theorem. Combin-
ing (4.3d) with (4.3f), we obtain (4.3g). Clearly E.(t) = 1. Using (4.3b), we
can easily verify that F. ,(t) is a polynomial in ¢ of degree n whose coefficients
are polynomials in b with coefficients in Z. For example,

(4.3h)  E.o(t)=1, E.1(t)=t+b, E.o(t)=1>+2bt+2b>+0,
E.3(t) = 3 + 3bt* + (6b* + 3b)t + 6b> + 6b* + b, b= —(1+¢)" L.

The significance of E. ,,(t) is that it gives the value of the infinite series Fy ,,(t)
(with ¢ = —e(«) as above) defined by

(4.4) Fon(t)=Y (h+a) ™" 'e((h+a)t) (0<neZ tcR).
heZ

The infinite sum on the right-hand side depends only on « (mod Z), and so
the notation F, , is meaningful. Also, the sum is clearly convergent for n > 0.
If n =0, we understand that }_, ., means limp oo Y <., Which is indeed
meaningful, as will be shown below. We have

(4.4a) F.,(t+m) =e(ma)F,.,(t) if meZ,
(4.4b) Forn(1—1t)=(=1)"cF.-1,(t).
Formula (4.4a) is obvious. Replacing h by —h in (4.4), we obtain (4.4b). Taking

a = q/N with a positive integer N and an integer ¢ such that ¢ ¢ NZ, we easily
see that

(44c)  Fepa(Nt)=N* > mbe(mt)  (c=—e(q/N),0<kecZ).
meq+NZ

Theorem 4.2. For0<ne€Z and 0 <t <1 we have
(4.5) Een(t) = (1+c Hnl(2mi) " LE, (1)
This is true even for 0 <t <1 4f n > 0. Moreover,

(4.5a) (14 c Y (2mi)"1F.0(0) = (1 —c71)/2.

Remark. These formulas combined with (4.4a) determine F), .(¢) for every
t € R. Notice that E.(0) = 1, which is different from (4.5a). Putting ¢t = o =
1/2 in (4.4) and (4.5), we obtain (4.3e). Formula (4.3f) follows from (4.4b) and
(4.5).

PrOOF. We obtain (4.5a) directly from (2.18). We prove (4.5) first in the
case n > 0and 0 <t <1 by taking the contour integral

etz

() [ O
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where S is a square, with center at the origin, whose vertices are A + A and
—A+iA, A=2Nr with 0 < N € Z. The poles of f in C are 0 and 27wi(h+ «)
with h € Z. The residue of f at 27i(h + ) is easily seen to be —c e (t(h +
@))(2mi(h + @)~ '. From (4.2) we see that the residue of f at 0 is (1 +
¢)"1E. ,(t)/n!. Thus by the theorem of residues, the integral of (4.5) equals 27i
times
(14 )" E.n(t)/n! — 7t (2mi)= "1 Z(h +a) " e((h+ a)t),
h

where h runs over the integers such that |h + o] < N. To make an estimate
of the integral on the sides of S, put z = z +iy. If x = A, then |e?| = e'4
and |e* +¢| > e4 — 1, and so |e?*/(e* + ¢)| < e?/(e? —1). If 2 = —A, then
let?| = et < 1and |e*+c| > 1—e 4, and so [e?*/(e* +¢)| < e?/(e? —1). Next
suppose y = +iA. If e® > 2, then |e??| = e'® < e” and |e* + ¢| > e” — 1, and so
let*/(e* +¢)] <e/(e" —1) = 1/(1 —e™®) < 2. If e” < 2, then |e"*]| = e!* < 2
and |e® + ¢| = |e® — e(a)| > B with a positive constant B depending only on
a, and so |e*/(e* + ¢)| < 2/B. Therefore, because of the factor 27"71, we see
that the integral of (*) tends to 0 as N — oo. This proves (4.5) for n > 0 with
0 <t < 1. To prove the case n =0, we need the following lemma.

Lemma 4.3. (i) Let {a,}52, be an increasing sequence of positive numbers
such that lim,,_, o a, = oo and let T be a compact subset of R such that TNZ = ().
Then the series Y .- a,*e((a+n)t) and Y.~ a,*e((a — n)t) are uniformly
convergent for a fited o € C, t € T, and s > o with any positive constant o.

(i) Let x be a C-valued function on Z/NZ such that Zivzl x(a) =0, and let
{a,}22, be as in (1). Then Y.~ a,*x(n) is uniformly convergent for s > o
with any positive constant o.

PrOOF. To prove (i), put M = Max;er2/|1 — e(t)], w = e(t), and =, =
Sh_jwh Then |y,| = [(w—w"™)/(1-w)| < Mif t e T,and sofor 1 <m <n

we have
n

Z ay,“e(ht) = Z (Yh —Yn-1)a;”
h=m

h=m
n—1
_ —s —s —s —s
= E niay,® — ah+1} T Gy, = Ym—1Gy, -
h=m

Thus [M~' Y0 _ ape(ht)] < ap® +ay® + Y02 (a,° — antq) < 2a,,°, which
proves the desired uniform convergence of 7 a,*e((a + n)t), as |e(at)| is
bounded for ¢ € T. The case with o —n in place of a+n can be handled in the
same way. To prove (ii), we replace v, in the above proof by v, =Y 1_, x(h).
We easily see that the |y/,| are bounded for all n, and we obtain the desired fact

by the same technique.

To complete the proof of Theorem 4.2, we consider the series
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(n— a)*ze((a —n)t),

NE

(n+a) %e((n + a)t) + a %e(at) +

NE

“
3
Il
i
3
Il
_

(n—a) te((a—n)t).

[M]8

(n+a)te((n+ a)t) + a te(at) —

gt
Il

n

Termwise application of d/d¢ to the first series produces 2mi times the second
series. Since (d/dt)E.1(t) = E.(t), we thus obtain (4.5) for E. (¢), provided
such termwise differentiation is valid, which is indeed the case, as Lemma 4.3
shows that these series are uniformly convergent for b < ¢ < b with constants
b and b such that 0 < b < ¥ < 1. As for s, we simply take it to be 1 or 2.
(Actually, the standard theorem on termwise differentiation requires the uniform
convergence only for the latter series.)

4.4. Taking ¢t =0 in (4.5) with n > 0 and comparing the result with (2.16),
we find that

(4.6) Prpi(z) = (z = 1)"E_3.2(0) (n>0),

where x is an indeterminate. We can make it valid even when n = 0 by putting
Py (z) = 1. This combined with (4.3g) resp. (4.3b) proves (2.19) resp. (2.20).

4.5. The right-hand side of (4.4) has a~"~'e(at) as the term for h = 0, which
makes the sum meaningless if o = 0. However, removing that term, for a =0
we have 32,7 h="~le(ht). We will now show that this sum can be handled by
introducing the Bernoulli numbers B,, and Bernoulli polynomials B,,(t)
for 0 < n € Z as follows:

z B, ,
(4.7a) ez—lzgnlz ,
tz oo
(4.7b) 2 Balt)
e —1 o n!

We have, for every n > 0 unless stated otherwise,

n—1 n
(4.8b) > (k> By (t) = nt" ! (n > 0),
k=0
(4.8¢) (d/dt)By,(t ) nB,_1(t) (n > 0),
(4.8d) By ( ) By (t) = nt" 1,
(486) B2m+1 =0 ( <m € Z)
(4.8f) Bn(1—1t) = (=1)"Bn(t).

These are well known, and can be proved in the same way as for (4.3a—f). Also,
B, (t) is a polynomival in ¢ of degree n with rational coefficients. For example,
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(4.8f) Bo(t) =1, Byi(t)=t—3, Ba(t) =t>—t+ 3, Bs(t)=1t>— 3>+ it.
Theorem 4.6. For1<ne€Z and 0 <t <1 we have
(4.9) By(t) = —nl(2mi)™" > h7"e(ht),
0#h€EZ

where 320 ez means LMy, oo o \h <, when n = 1. This formula is valid
even for 0 <t<1ifn>1.

PRrOOF. This can be proved in the same manner as for Theorem 4.2. We

consider
tz

e

LG 6= s

where S is a square, with center at the origin, whose vertices are A + A and

—A+iA, A= (2N + 1) with 0 < N € Z. The poles of f in C are 2wih with

h € Z.If h # 0, the residue of f at 2mih is easily seen to be (2mih) "e(th).

From (4.7b) we see that the residue of f at 0is B, (t)/n!. Using the theorem of

residues and making N large, we obtain (4.9) for n > 1 and 0 < ¢ < 1. Since

B(t) = 2By (t), we obtain (4.9) for By(t) by applying d/dt to the formula for

Bs(t), as we can justify termwise differentiation when 0 < ¢ < 1, by virtue of
Lemma 4.3.

Now the main theorem on the values of Dy y(s) at integers can be stated as
follows:

Theorem 4.7. Given 0 < N € Z, a € Z, and r =0 or 1, define D (s) by
(3.11) and put & = e(a/N). Then for 0 < m € Z the following assertions hold:

(i) The quantities (2m')’2mD27N(2m) and (2m’)1*2mD}17N(2m —1) for 0 <
a < N are numbers of Q(&) given as follows:

(410a)  (2m — 1)IN*™(2mi) "> Dy \(2m) = ij_mm_l(o) = m,
(4.10b)  (2m — 2)IN?™=1(270)! 2™ D]\ (2m — 1)
B %E,&meg(()) = m (m > 1),
] £+ 7
-1 (m=1).
(ii) If o € Gal(Q(¢)/Q) and e(1/N)° = e(q/N) with q € Z, then
(4.11) {(2mi)=2m Dy y(2m —r)}" = (2ri)" 2™ DL, \(2m — 7).

(iii) In the case a =0 we have

(4.12) — (2m)!(2mi)"2mN?™ DY . (2m) = Bap.
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(iv) The quantity Dy y(r+1—2m) for 0< a<N is a rational number given
by

2
(4.13) DIy (r+1—2m) =

r—2m

N#m=r=lp, . .(a/N).
This is true even for a =0 if 2m —r > 1.
Remark. From (4.12) we see that (—1)™ "By, > 0.

PROOF. The first two formulas are already given in (3.9), as Dy y(2m—r) =
Mi"f\fr(O) and Ppi1(z) = (x — 1)"E_; »(0); see (3.12) and (4.6). We can also
prove them by taking o = a/N and ¢ = 0 in (4.5), excluding the case involving
D}LN(l). Formula (4.12) follows from (4.9) with ¢ = 0. Assertion (ii) can easily
be seen from (4.10a, b). Putting ¢ = a/N in (4.9) and comparing the result with
(3.16), we obtain (4.13).

4.8. For 1 < N € Zlet x be a primitive or an imprimitive Dirichlet character
modulo N. This means that x is a homomorphism (Z/NZ)* — C* which can
be trivial. We put x(a) = 0 for a not prime to N. We define, as usual, the
Dirichlet L-function L(s, x) by

(4.14) L(s, x) = Y_ x(n)n

The right-hand side is absolutely convergent for Re(s) > 1, and convergent even
for Re(s) > 0 provided x is nontrivial, by virtue of Lemma 4.3 (ii). Suppose
x(—1) = (—=1)" with » =0 or 1; then

N

N
(4.15) 2L(s, x) = Y _ x(a)D;, Z x(a (s+7)/2),
a=1

and so I'((s +1)/2)L(s, x) can be contlnued as a meromorphic function to the
whole s-plane with possible poles at s = 0 and s = 1, which occur only when
X is trivial.

Theorem 4.9. Let x and N be as in §4.8; let k be a positive integer such
that x(—1) = (=1)*, m =[(N —1)/2], and ¢ = e(1/N). Then

(4.16a)  N*(k—1)1(2mi)~*L(k, x) = ZX(“)W
a=1

:Z Capiga) (1<keZ),

(4.16b) L(1, x) = % > x(a) g - LI x(—=1) = —1.

Moreover, let pg denote the primitive character modulo d, where d is 3 or 4.
Then we have, with ¢ = e(1/d),
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CP(C) _ CE ¢k-1(0)
(C—1)* (-1
(4.17b) dL(1, pa) = mi(¢ +1)/(¢ = 1).

PROOF. Since 2L(k + 25, x) = Son ' x(a)MF y(s) if x(~1) = (~1)¥, from
(3.9) and (4.6) we obtain, for k > 1,

N—-1
ANk (k — 1)1(2mi) FL(k, x) = Y _ x(a)
a=1

(4.17a) d*(k — D)(27mi)"FL(k, pg) = (0<k—1€27Z),

C“E_¢a —1(0)
-1
Now N =2m +1 or 2m + 2, and so the last sum can be written
P Bgeia(0) B0y (0)
Z {X(a)l—cj—a + X(N — ‘1)1_7@ )
as x(m-+1) = 0if N is even. Using (4.3g), we obtain the part of (4.16a) involving
E. ., which combined with (4.6) gives the remaining part. We can prove (4.16b)

in the same manner by means of (3.9) with v = 1. Formulas (4.17a, b) are mere
special cases of (4.16a, b).

a=1

The formulas of the above theorem are different from the classical formulas
for L(k, x), which we will present in Theorem 4.12 below.

4.10. Take N = 2,3,4, or 6 and a = 0 or 1. Then we easily see that
Df n(s) =2N~5¢(s) and

(4.18a) DY 5(s) = 2(1 —27°)¢(s),

(4.18D) DY 5(s) = (1 —=37°)((s),

(4.18¢) DY () = (1 —=27%)((s),

(4.18d) DY (s) = (1 —27°)(1 = 37°)((s).

Thus ¢(2m) and ¢(1—2m) can be obtained from (4.10a) and (4.13). For instance,

for 0 < k € 2Z we have

k—1 k—1
(1190) (/2001 ~ k) = oo Bi(1/2) = 20— Bi(1/3)
k—1 _gk-1
= e B = e B0
(k-DICH) _ —P(-1) PP
(4.195) (2mi)k  2RHI(2k —1)  (BF — 1)(w? — 1)
l}%() wl%(w)

(4"“ —2K)(i — 1)k (2’“ — 18 —=1)(w— 1)k’
where w = e(1/6). Comparing (4.19b) with (4.12), we obtain the part of the
following formula concerning even k.
2P, (i) E7li(ak —2MB, (0 < k € 2Z),
(i—l)’“{—ELk_l 0 <k—1€22).

(4.19¢)
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The part for odd k follows from (4.17a) and (4.30b) below.

4.11. Let us now treat the values of L(k, x) first in the traditional way and
then in several novel ways. We take a primitive Dirichlet character y modulo
d, and define the Gauss sum G(x) by

(4.20) Z x(a)e(a/d).

The following properties of G(x) are well known:
(4.21) ZX e(ab/d) =x(b)G(x) for every b€ Z,

(4.22) G(X)G(Y) =x(-1d, G(x)=x(-1)GX), [GX)*=d.
See [S71, Lemma 3.63], for example. Here and throughout the rest of this section
d is a positive integer

From (3.7) or (3.15) we can easily derive the functional equation for L(s, x).
Namely, Let x be a primitive character modulo d such that x(—1) = (=1)"
with » =0 or 1. Put

(4.23) R(s, x) = (d/m)*?T'((s +1)/2) L(s, x).
Then
(4.24) R(s, x) = WOOR(L = 5,X) with W(x) =i"d""?G(x).

Indeed, from (3. 7) and (4.21) we obtain, with k =17+ 1/2,

sk[' 7SZX 75)7d25r175[v ZX

Substituting (s + r)/2 for s and employing (4.22), we obtain (4.24).

Theorem 4.12. (i) Let ((s) denote the Riemann zeta function. Then for
0 < n € 2Z we have

(4.25) 2-n!(278)""¢(n) = n¢(1 —n) = —B,,.

(ii) Let x be a nontrivial primitive Dirichlet character modulo d, and let k
be a positive integer such that x(—1) = (—=1)*. Then

d—1
(4.26) 2 k!(2mi)"FG(x)L(k, x) = kd'~FL(1 — =—> x(a)Bk(a/d).
a=1
In particular, if k=1 and x(—1) = —1, then
d—1
(4.27) (mi) 'G()L(L, X) = L0, x) = — Y _ x(a)a/d.
a=1

PROOF. Formula (4.25) can be obtained from (4.8a), (4.12), and (4.13) by
taking N = 1 and r = a = 0, as D{ ;(s) = 2((s). As for (4.26), by (4.21) and
(4.9) we have
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2G(0)L(k, )= Y h *G(0)x(h)

0£hEZ

= > Z h=*x(a)e(ha/d) =
0#£heZ a=1 a=1

If k =1, we need to show that 2L(1, X) = limp—oc 3 0 /n1<m x(h)h~t, which
follows from the uniform convergence of Y~ | x(h)h™% for s > 1/2, as guaran-
teed by Lemma 4.3 (ii). The value L(1 — k, ) can be obtained by considering
Zile(a)D:;d(r + 1 —2m) and employing (4.13) and (4.15) with N = d and
k =2m — r. It also follows from (4.24). Formula (4.27) is merely a special case
of (4.26), as By (t) =t — 1/2 and Y?Z1 x(a) = 0

Let us insert here a few comments. The first one is historical. Formula (4.25)
is due to Euler. Dirichlet proved (4.27) and even found a formula for L(1, x)
when x(—1) = 1. As for (4.26), Hecke stated and proved it in [He40], and he
is perhaps the first person who did so, though the fact was possibly known to
other number-theorists, as (4.9) had been known since much earlier periods.

In any case, (4.26) is the well known standard formula for L(k, x), but there
is no reason for accepting it as the best or most important result. Indeed, we
have a clear-cut formula (4.13), which we can view as more basic than (4.26). If
the values of Dirichlet series are our main interest, the series Dy y(s) and the

s

Bk a/d

infinite sum of (4.4c) are most natural objects of study. In the same spirit we
will present various new formulas for L(k, x) which are different from (4.26) and
are derived by the idea expressed by (4.4c).

We first prove

Lemma 4.13. (i) Let x be a nontrivial primitive Dirichlet character modulo
d, and let k be a positive integer such that x(—1) = (=1)*. Further let q =
[(d—1)/2]. Then
d—1 :
2>y x(a)Bp(a/d) if n=k,
am Y@ - {2
o=t 0 if n=k-1

(ii) In the setting of (i), suppose d is odd. Then
q

d—1 .
" 2y (-1)*x(a)Ern(a/d) if n=k-1,
(4.29) (=1)"x(a)E1,n(a/d) = ;
o=t 0 if n=*k.
(iii) In the setting of (i), suppose d = 4dy with 1 < dy € Z. Then
do—1

(4.30) Zx(a)El,n@a/d) _)?2 Z a)By n(2a/d) if n=k-1,

0 if n=k.
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(iv) For x, d, and q as in (i), suppose x(—1) = 1. Then

(4.31a) Zx(a) =0,
i

(4.31b) x(a)a =0,
i

(4.31¢) (=) (a) =0 if d¢ 2Z,
p i

(4.314d) x(a)a® = (3d/2) Z x(a)a?

PrROOF. We have d =2+ 1 or d = 2q + 2 according as d is odd or even.
If d is even, then 4|d, and so x(¢ + 1) = 0. By (4.8f) we have B, ((d — a)/d) =
(=1)"B,(a/d), and so

q

d—1 q
> x(a)Bu(a/d) =Y x(a)Bn(a/d) + > x(d - a)Bn((d - a)/d)

a=1

= 3@ Balafd) + (-1} Bola/ )}

This proves (4.28). We can similarly prove (4.29); the only difference is that
we have (—1)F+" instead of (—1)**". If d = 4dy > 4 as in (iii), we have
q = 2dy — 1, and so

q do—1
> (@B (2a/d) = 3= { (@) Bx(20/d) 4 x(2do ~ 0) By (20200 — )/ )}
a=1 a=1

as x(do) = 0. Since 2dpa — 2dy € dZ for odd a, we have x(2dy —a) = x(2dpa —
a) = x(—a)x(1 — 2dpy). Thus by (4.3f) the last sum equals
do—1
{14 (=1)"+Fx(1 - 2do)} Z a)E1 ,(2a/d).

By Lemma 1.12 we have x(1 — 2dg) = —1. Thus we obtain (4.30). Finally
suppose x(—1) = 1. Then x(d — a) = x(a), and so

d—1 q q q
0=> x(@)=) x(@+) x(d-a)=2) x(a)

which proves (4.31a). (Notice that x(¢+ 1) =0 if d is even.) Therefore

d—1 q q q
Y x@a=Y x(@a+y x(d—a)(d-a)=d)y x(a)=

which is (4.31b). Similarly, employing (4.31a), we find that
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q

d—1 q
Y x(@a® =) x(@{a® +(d—a)’} =2 x(a)(a® - da),

a=1
d—1 q
Zx(a)a?’ = Zx(a){a?’ + (d— = 3dZX (a® — da).
a=1 a=1
Formula (4.31d) follows from these two equalities. If d is odd,
d—1 d—1 d—1
Yo (=D (@) = Y (=1 x(d = b) = =Y (=1)"x(b).
a=1 b=1 b=1

from which we obtain (4.31c).

We now state the principal results of this section, among which (4.32), (4.34),
and (4.35) are most essential.

Theorem 4.14. (i) Let x be a nontrivial primitive Dirichlet character mod-
ulo d, and let k be a positive integer such that x(—1) = (=1)*. Further let
qg=[(d—1)/2]. Then

(432) (k= 1)) FGELk, ) = MZ X(@) B s (20/d),
(4.33) k!(2mi) kG (x) Eq: a)By(a/d).
(ii) Suppose in particular d = 4dy with 1 <=d0 € Z. Then
(134) (b= DY) GRILE ) = 3 K@) B s (20/d).
(iii) If d is odd, then -
(4.35) (k—D)!(2mi)"*G(x)L(k, x) = i b)E1 —1(b/d).

=1

In particular, if k=1, m =[q/2], and n = [(q — 1)/2}7 then we have
(4.36)  (2mi)'G(OL(L, x)

{1+x(2)} {2— ZX if x(2) # -1,

X2c+1) if x(2)#1
{1—x(2 }{2 }Z

(iv) If pq denotes the primitive character modulo d with d = 3 or 4, then
for k=2m+1 with 0 <m € Z we have
k
(437)  k(=1)"™(@m) V3 L(k, i) = —Be(3) =

" F 2
2(2F +1) 12m(3);
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(4.38) kN(—4)"™ma *L(k, pa) = —Br (%) = 272K kE) op,.

PROOF. In the proof of Lemma 4.13 we noted that x(¢+1) =0 if d € 2Z.
Therefore by (4.21) we have for every m € Z,
q

G(X)x(m) = e(am/d) + Z —a)m/d)

>< =I

(a){e(am/d) + (—1)*e(—am/d)}.
Take n=k—1, 04—1/2 and t=2a/d with 1 <a <gq in (44) and (4.5). Then

(%) By k-1(2a/d) = 2(k — 1)!(2mi)~F2F >~ m~Fe(ma/d).
m odd

HM-& HM

On the other hand,
2G(%) (1 - x(2)27F)L(k, x) = G(x) > x(m)m™*

m odd
Zy { Z m~"e(am/d) + Z (—m)ke(—am/d)}
a=1 m odd m odd
= 22?(&) Z m~*e(am/d).
a=1 m odd

Combining this with (x), we obtain (4.32). We have to be careful about the case
k = 1, but Lemma 4.3 settles the technical point as explained in the proof of
Theorem 4.12. Formula (4.33) follows immediately from (4.26) combined with
(4.28).

If d= 4d0 > 4, then ¢ = 2dy — 1, and we have

do—1
ZX )E1k—1(2a/d) = {1 — X(1 — 2dy) }Z a)Ey —1(2a/d),
a=1

as shown in the proof of Lemma 4.13. (Take n = kf 1.) Since (1—2dg)%—1 € dZ,
we have x(1—2dy) = £1. If x(1—2dp) = 1, then (4.32) shows that L(k, x) =0,
a contradiction. Thus x(1 — 2dy) = —1, and we obtain (4.34) from (4.32), as
Xx(2) = 0. (We already stated the equality x(1 — 2dp) = —1 in Lemma 1.12 and
gave an elementary proof.)

As for (iii), putting m = [¢/2] and n = [(q — 1)/2], we have clearly

q m q
2)> X(a)Brx-1(2a/d)=> X(2a)E1x-1(2a/d) + Y X(20)E1k-1(2a/d).
a=1 a=1 a=m+1

For m < a<q put ¢=¢—a. Then 2a =d—2c—1, and so x(2a) = x(—2c—1)
and By ;-1(2a/d) = (=1)*"1E; ;_1((2¢ + 1)/d) by (4.3f). Thus the last sum
> o1 can be written — Y77 X(2¢+1) Ey x—1((2¢41)/d). Therefore we obtain
(4.35). If k =1, we recall that E1 o(t) = 1. We consider (4.32) and X(2) times
(4.35). Taking the sum and difference of these two equalities, we obtain (4.36).
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Finally, taking d = 3 and 4 in (4.32) and (4.33), we obtain (4.37) and (4.38),
as By, = 2"E ,(1/2). This completes the proof.

We note here an easy fact. Taking ¢=1 and ¢t =0 in (4.5), we obtain
(4.39) 4(2% — 1)(k — 1)!(2mi) "k ¢(k) = E1 x-1(0) (0 <k €2Z).

Since P(—1) = (=2)k¥"1E; 1_1(0), (4.39) is essentially the same as the first
equality of (4.19b). Comparing this with (4.25), we obtain

(4.40)  2(1—2F)By = kE1 1_1(0) = (=2)'7FkP,(—1) (0 < k € 2Z).

The relation between L(2m + 1, u4) and the Euler number Ej o, as stated
in (4.38) is classical and perhaps due to Euler. Otherwise, the equalities in the
above theorem seem to be new, except for (4.33) and (4.37), which may possibly
be known. In particular, taking y to be real and & = 1 in (4.32), we obtain
a well known class number formula for an imaginary quadratic field, which we
will state in (5.9) below. Thus (4.32) includes such a classical result as a special
case, but apparently it has never been stated in that general form even when
k = 1. Notice that for d = 8 or 12, the right-hand side of (4.34) contains only
one nonvanishing term, and so we can state formulas similar to (4.37) and (4.38)
in such cases. We will not give their explicit forms here, since they are included
in (6.3) and (6.5) below as special cases. It should also be noted that E. ,_1(t)
is a polynomial in ¢ of degree k — 1, while By(¢) is of degree k.

Since E4 o(t) = 1, the formulas of Theorem 4.14 involving E; ;1 have simple
forms if & = 1. Another simple formula is (4.27). In general, Ey ;_1(f) and
By (t) have more terms, and the matter is not so simple. However, a similar
simplification is feasible at least to the extent described in the following theorem,
which gives recurrence formulas for L(k, x) modified by elementary factors.

Theorem 4.15. Let x be a nontrivial primitive Dirichlet character of con-
ductor d and k a positive integer such that x(—1) = (=1)*; let ¢ =[(d —1)/2]
and m = [(k—1)/2].

(i) Define A(k, x) by
(4.41) Ak, x) =2 - k!(27m1) "*G(X) L(k, X)-

Then
kE+1
(4.42) ZX k+12(2y+1)A(k—2y,X).
(ii) Suppose d is odd or d > 4. Define A(k, x) by

4x(2) = 27"}k = V(i) PG L(k, x) if d ¢ 2Z,
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Then
I s (k-1
(1.44) Mk =330 (%5, ) Ak -2
v=1
=
= > (1)*x(a)a*" it d ¢ 22,
+ a=1
2k71
= XZY(CL)ak*1 if de?2Z.
a=1

PROOF. By (4.26), A(k, x) = — 3%} (a)Bk(a/d) and by (4.8b) we have

(k+1)Bi(t) = (k+ 1)t+ — Z (k :: 1) B,(t).

By (4.28), Za 1x(a)By(a/d) =0if p—k ¢ 2Z. The sum is 0 also for p =0,
as By(t) = 1. Thus we obtain (4.42). Similarly we have, by (4.3b),
k—1

1 k—1
El,k_1(t) = th-1_ 5 Z (/\ _ 1) E17>\_1(t).

A=1
Therefore we obtain (4.44) by combining (4.34) and (4.35) with (4.30) and (4.29).

If k=2, we can state clear-cut formulas as follows.

Corollary 4.16. Let x be a nontrivial Dirichlet character of conductor d
such that x(—=1) =1 and let ¢ =[(d —1)/2]. Then

(4.45) T2G(X)L(2, X) = (2~ 9) > x(a)a,
1 d—1 .
(4.46) T 2G(Y)L(2, X) = = X(a)a?.

PRrROOF. Take k = 2 in (4.32). Since Ej1(t) = t — 1/2, the sum of (4.32)
becomes 2> X(a)a/d — Y.?_, X(a)/2, and so we obtain (4.45) in view of
(4.31a). Similarly take k = 2 in (4.26). Since Bo(t) = t*> —t + 1/6, we obtain
(4.46) in view of (4.31b). We can also take k =2 in (4.44), but obtain nothing
better than (4.45).

4.17. We end this section by mentioning a classical formula and its analogues.
First, as an immediate consequence of (4.8d) we obtain

(4.47) Buyi(m+1) = Bui=(n+1)) k" (0<neZ),

which is often cited in connection with the Euler-Maclaurin formula. (We un-
derstand that 0° = 1.) Likewise, from (4.3d) we can easily derive
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(4.48) Een(0) — e(—ma)Eepn(m) = {1 —e(—a)} Z

where ¢ = —e(a), a € R, ¢ Z. In particular, for o = 1/2 we have
(4.49) E10(0) = (=1)™E; ,(m) = 2 Z R

with the classical Euler polynomial E4 ,(%). Apparently no previous researchers
took the trouble of stating this rather nice-looking formula. Notice that (4.48)
and (4.49) are of degree n in the parameter m, whereas (4.47) is of degree n+1.

We will present some more formulas for L(k, x) in Section 6, but before doing
so, we first consider applications of those we already have to certain class number
formulas.

5. The class number of a cyclotomic field

5.1. The value L(1, x) is closely related to the class number of a cyclotomic
field, an imaginary quadratic field in particular. Let us now discuss this topic
in the easiest cases and present some new class number formulas, assuming that
the reader is familiar with some basic facts on cyclotomic fields. For an alge-
braic number field M of finite degree we denote by tps, Dpas, Ras, Cor, has, and
wys the maximal order, discriminant, regulator, Dedekind zeta function, class
number of M and the number of roots of unity in M. It is a well known result
of Dedekind that
A (271’)7"2 Ryrhy
(5.1) hH}(S —1)Cm(s) = “wm | Du 2
where 71 resp. ro is the number of real resp. imaginary archimedean primes of
M. We apply this to a subfield of Q,p. Any subfield M of Q,y, is either totally
real or totally imaginary. In the former case, r = [M : Q] and ry = 0; in the
latter case 11 =0 and ro = [M : Q]/2.

We now fix a totally imaginary finite extension K of Q contained in Q,;, and
put F = {$ e K | zf = x}, where p is the restriction of complex conjugation
to K. Then F is totally real, wp = 2, and [K : F| = 2. Let [K : Q] = 2t. From
(5.1) we obtain

27T hK RK 1/2

Dp
(5.2) (G /cr)1) = 2 8 K| B
Suppose K C Q(¢) with ¢ = e(1/m), where m is a positive integer that is
either odd or divisible by 4. Then Gal(Q(¢)/Q) is isomorphic to (Z/mZ)*, and
Gal(Q(¢)/K) to a subgroup H of (Z/mZ)*. We can show that

(5:3) Cre(s) = Crls) T Lis, %),

xX€X
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where X is the set of all primitive Dirichlet characters x such that y(—1) = —1,
the conductor of x divides m, and x(H) = 1. Thus we obtain the following
formula:

hK_wi Rr |Dk

1/2
= = ke 1S L(1, x).
hF 27t RK DF H ( ’X)

x€X

(5.4)

In the simplest case we take K to be an imaginary quadratic field of dis-
criminant —d. Then (x(s) = L(s, x)¢(s), where x is a unique real Dirichlet

—d
character of conductor d such that y(—1) = —1, that is, x(a) = <a)’ and
(5.4) takes the form
wiVd

27

This formula was first proved by Dirichlet in a somewhat different context. The
functional equations of ((s) and (x(s) show that R(s, x) = R(1 — s, x), which
together with (4.24) proves that

(5.5) hg = L(1, x).

(5.6) G(x) =iVd if x(a) = (_ad)

This argument, due to Hecke, is applicable also to a quadratic character y such
that x(—1) = 1, and even to any Hecke character of a number field corresponding
to a quadratic extension; see [S97, (A6.3.4), (A6.4.1)]. Combining (4.27), (5.5),
and (5.6), we obtain a classical formula

d
(5.7) hik = K x(a)a.
2d ot
5.2. Let x be a primitive (not necessarily real) Dirichlet character of con-
ductor d such that x(—1) = —1. Since E; o(¢t) = 1, from (4.32) with k=1 we

obtain
(58) GO ) = 5= S %), 0= [(d= 1D/
Comparing this with (4.27), we obtain

a d
(5.8a) az::l x(a)a = W Z x(a).

In particular, if x is real and K = Q(v/—d), then (5.5) combined with (5.6) and
(5.8) shows that

a=1

(5.9) hi = s——= Y x(a), q¢=[d-1)/2],
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where the symbols are the same as in (5.5) and (5.7). This formula is also
classical. Thus (4.32) or its special case (5.8) can be viewed as a generalization
of (5.9). We will present several new formulas for hg in Corollary 6.4 below.

5.3. We now consider the field K = Q(¢) with ¢ =e(1/m), 0 < m € Z. We
will soon specialize this to the case where m is a prime power, but first recall
some basic facts on K under the assumption that m is either odd or divisible
by 4. Let F = {a: € K|x” = a:} as in §5.1. We put

(5.10) t=[K:Q]/2.

Here are some basic facts that can be found in most textbooks on algebraic
number theory:

(5.11a) wg =2m if m is odd, and wx = m if 4m.

(5.11b) A prime number p is ramified in K if and only if p|m.

(5.11c) For a prime number p not dividing m, let f be the smallest positive
integer such that pf —1 € mZ and let g = 2t/f. Then p splits into
exactly g prime ideals in K each of which has degree f.

(5.11d) rx = Z[¢].

(5.11e) hg/hr € Z.

To prove the last statement, take the maximal unramified abelian extension J of
F. Since K is ramified over F' at every archimedean prime, we see that K ¢ J.
Thus hp = [J : F] = [JK : K], which divides hg, as JK is an unramified
abelian extension of K. This proves (5.11e).

We now assume that m = ¢" with a prime ¢ and 0 <r e€Z; r > 1 if £{=2.
Then 2t = /"~1(¢ — 1) and the following statements hold:

(5.12a) (1 — ()t is a prime ideal in K and lrx = (1 — ()*'rk.

(5.12b) |Dg| = ¢, where e = 70" — (r + 1)""1) if £ #2, and e = (r —1)2" 1
if £=2; |Dp|=0"Y/2if £ £2 and |Dp|=2¢"2/2 if { = 2.

Lemma 5.4. If m is a prime power, then tj = Wrty, where W is the set
of all roots of unity in K. Consequently, Rx = 2" Rp.

PROOF. For a €t let §=a”/a. Then |7 =1 for every o € Gal(K/Q).
By Kronecker’s theorem, (3 € W. Suppose m is odd. Then 3 = ey? with v € W
and e = £1. If ¢ = —1, we have (ay)? = —av, and so 2ay = ay — (ay)? €
d(K/F), where d(K/F) is the different of K relative to F. This is a contradiction,
since d(K/F) is nontrivial (as can be seen from (5.12a)) and prime to 2. Thus
e = 1, and so (ay)? = av, which shows that ay € F. Therefore o € Wty as
expected. Suppose m = 27;let n = 2" ! and B8 = ¢~ with a € Z. Then
(" = —1.If a is even, we can put ¢ =~2 with v € W, which together with the
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above argument leads to the desired conclusion; so assume a to be odd. Since
tx = Z[(], we have a = Z?;Ol csC¢® with e € Z. Then Y ¢5¢° = )" ¢,(*°. Hence
¢s = +ey if s+ 8 = a (mod n). Now the elements ¢* and (%~ * for positive
odd s < n form a basis of K over Q. In other words, (5/ with even s’ can be
replaced by (*~* with some odd s < n. Therefore v =), _4q ¢s (¢°£(*7%).
Now ¢®£¢*° = (*(1 —(?) with some ¢, and this is divisible by 1 — ¢, which is
a contradiction, since « is a unit. Once we know that tj; = Wrt}, the assertion
concerning Ry and Ry easily follows from the definition of the regulator.

Lemma 5.5. Let m = ¢ with a prime number £ and 0 < r € Z; assume
r >3 if { =2. Let X be the set of all primitive Dirichlet characters x such that
x(=1) = —1 and the conductor of x divides m. Then

0#£2: ] Glx) =ittt e=rm — (r 1)
XEX
=2 HG(X):\/§~2C, c=(r—1)2"73.

xeX

PrOOF. We can put X = | |._; X;, where X is the set of all y € X with
conductor £°. Put ey = #(X5).

(I) We first consider the case of odd ¢. We easily see that e; = ({—1)/2 and
es = £572(0 —1)?/2 if s > 1. For x € X we have x = Y only if £+ 1 € 4Z, in
which case there is exactly one such y, which belongs to X;. Thus x # X for
x € X if s >1 or £ —1 € 4Z. Therefore by (4.22) we have

(5.13) H G(x) = (—£)%/? if s>1 or (—1€4Z
x€Xs

If £+ 1 € 4Z, we have, by (5.6), [[,cx, G(x) = i0Y/2(—£)¢=3)/4 which can be
written

(5.14) [T Geo = Get/3e=nrz,

XEX1
This is true also when ¢ — 1 € 4Z. To simplify our notation, put ¢ = (£ —1)/2.

Then from (5.13) and (5.14) we obtain ] . x G(x) = i*"/? with

,
a=q+Zes and bzq+Zses.
s=2 5=2

We easily find that a = g¢"~! = ¢. To calculate b, we note an elementary equality
k
L, kxR — (k4 D2kt 4o
(5.15) > nat = CEE ,

where z is an indeterminate. Now > . _, s¢572 =237 _ (5724357 (s—2)02.
Applying (5.15) to the last sum, we eventually find that 2b = r¢" —(r+1)¢" "1 +1.
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(IT) Next we take £ = 2. Then e; = 0, e3 = 1, and ey = 2573 if s > 2. The
set Xo resp. X3 consists of a real character of conductor 4 resp. 8; otherwise
X # X- Then by the same type of reasoning as for odd ¢, we find the result as
stated in our lemma.

Lemma 5.6. Let m = {" as in Lemma 5.5, and let p be a prime number
other than L. Let Z be the subgroup of (Z/mZ)* generated by p and let f =
[Z : 1]. (In other words, f is the smallest positive integer such that pf —1 € mZ.)

Then P

(14+p=72/%) it —-1eZz,
5.16 I | 1-— =
(510) YEX [t =xte)r™] { (1—pIt/f if —1¢ 7.

Moreover, if £ is odd, then f is even if and only if —1 € Z.

PROOF. The canonical isomorphism of (Z/mZ)* onto Gal(K/Q) sends —1
to p and Z to the decomposition group of p. Therefore the Euler p-factor of (x
is (1—p~/%)?/f. Let p be the prime factor of p in K. Then p? = p if and only
if —1 € Z. Thus the Euler p-factor of (r equals (1 —p~f%/2)2/f if —1 € Z, and
(1—p~f*)¥/1if —1 ¢ Z. Taking the quotient (g /Cr, we obtain (5.16). The last
assertion follows from the fact that (Z/mZ)* is cyclic if ¢ is odd.

We now present formulas for hy/hp different from classical ones.

Theorem 5.7. Let K and F be as in §5.83 with m =407, 0 < r € Z, where /{
is a prime number and v > 2 if £ = 2. Let X be the set of all primitive Dirichlet
characters x such that x(—1) = —1 and the conductor of x divides m. Then
the following assertions hold:

(i) Suppose £ # 2; let f be the smallest positive integer such that 2/ —1 € mZ.
Put A = (2772 + 1)2/1 or (2 — 1)¥/f according as f is even or odd. For each
X € X of conductor £° put q, = (¢* —1)/2. Then we have

(5.17) ’}Zf =27 A ] {Zx }

XEX

Moreover, the sum Y.2X | x(a) can be replaced by

(5.17a) 1+x ZX with ky = [q,/2] if x(2) # —1,
(5.17b) IX(EX:X (2¢+1) with n, =[(g, —1)/2] if x(2) #1.
c=0

(ii) Suppose £ =2; let Y be the set of all x € X of conductor > 4. For x € Y
of conductor 2%, put b, = 2572. Then
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by—1

(5.18) Z—I; =2 [] { > x(a)} with v=r—1—2r"2,

X€Y a=1

PrROOF. We employ (5.4). We have wxg = 2m if £ # 2 and wxg = m if
¢ =2; Rp/Rg = 217t as shown in Lemma 5.4; |Dy/Dpr| is given by (5.12b).
We have to determine [, oy L(1, x). Suppose ¢ # 2. Then we use (5.8) which
involves 2 — x(2) and the Gauss sum. As for the latter, we employ Lemma 5.5.
As for the former, from Lemma 5.6 we obtain

- (2f/2 + 1)2t/f if fe?2Z,
(5.19) II 2-x@)]= { @~ it f¢oz.

xeX

Combining all these factors, we obtain (5.17). The sum Y% x(a) can be re-
placed by (5.17a, b) by virtue of (4.36). If ¢ =2, we use (4.34) instead of (5.8).
Special care must be given to the character of conductor 4, which is included in
X but not in Y. Observing that ¢ of Lemma 5.5 equals e/4 with e of (5.12b),
we obtain (5.18) for r > 3. Actually we see that (5.18) is true even for r = 2
and 3.

Remark. For odd /, it often happens that 2 is a primitive root modulo m,
in which case we have f = 2¢, and so A = 2!+ 1. Thus we can put A = ¢"T with
a positive integer I, and the factor " A~! in (5.17) equals 1.

5.8. Let us now state the classical formulas for hx /hp that can be found in
the standard literature on this topic:

hk = :
(5.20) — =B - (a)a with
i = {2}

5 217t = =27l — (r+ 1) 1) i £ 2,
] 27, B=r—1-2"% if (=2,

Here ¢, is the conductor of x. This can be obtained from (5.4) by applying
(4.27) to L(1, x) and employing Lemmas 5.4 and 5.5.

Clearly formulas (5.17) and (5.18) are of “smaller sizes” than (5.20). That is
especially so for (5.18). As for (5.17), we derived it from (5.20) combined with
(5.8a). Equality (5.8a) is an old well known fact at least for real . Even for
non-real x, it must have been known at least to some experts, but apparently
nobody tried to state (5.17).

In stating formulas for hg/hp, we confined ourselves to the case where K =
Q(¢), ¢ = e(1/m), with a prime power m. A formula of type (5.20) for more
general cyclotomic fields is known; see [Ha]. We can of course state analogues
of (5.17) and (5.18) for such fields, whose precise statements may be left to the
reader.
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6. Some more formulas for L(k, x)

6.1. Let us now state several sum expressions for L(k, x) different from those
of Section 4. The first type has fewer terms than the sum of (4.32), and are
technically more complex than the second type, which follows from (4.5) rather
easily. We present the first type as eight formulas depending on the nature of
the Dirichlet character and the parameter ¢ of the generalized Euler polynomial
E. . One formula, (6.2), is somewhat different from the other seven. Though
it may be possible to state those seven as a single formula, we do not do so, as
such would make it cumbersome and less easy to understand. In the following
theorem, the product xA for two characters x and A\ means the character
defined by (x\)(m) = x(m)A(m), which can be imprimitive if the conductors of
x and A are not relatively prime. We first prove

Lemma 6.2. Let € denote £1, and given two positive integers d and s, let
g=1[d/s]+1 or g = —[d/s] according as € =1 or —1. Then 0 < (¢/s)+(j/d) <
1 for every j € Z such that 1 —g < j < d—g. Moreover, 0 < (¢/s)+ (j/d) <1
for all such j’s if d/s ¢ Z.

PRrROOF. If g =[d/s]+1, then g—1<d/s < g,andso (¢g—1)/d <1/s < g/d.
For 1—g < j<d-g wehave (1 —g)/d < j/d < 1— g/d, and therefore
0<(1/s)+(j/d) < 1.1f g = —[d/s], then —g < d/s <1—g,and so (g—1)/d <
—1/s < g/d, and we obtain 0 < (—1/s)+ (j/d) < 1. If d/s ¢ Z, we easily see
that 0 < (¢/s) 4+ (j/d) < 1 in both cases.

Theorem 6.3. Let x and X\ be primitive Dirichlet characters and ps, pq be
as in Theorem 4.14 (iv); let d be the conductor of x and k a positive integer;
further let ¢ denote £1. Then the following assertions hold:

(i) Suppose d is odd, > 3, and x(—1) = (—=1)**1; suppose also k > 1 if 3|d;
let g=1[d/3]+1. Then

d—g

(6.1) D (~1XG)Eua-1 (3 + )

= (e )RV )G X202 Lk, ).
(ii) Suppose d =2m +1 with 0 <m € Z and x(—1) = (=1)**1. Then

m

(6.2) D> (/XU ELk-1 (3 + %) = (k= D)12i(ri) *X(2) G () Lk, x14)-

j=1
(il) Suppose d is odd, A(m) = () with § = £8, and (x\)(—1) = (—1).
Then

(6.3) Z 7 Bip-1 (5 +5) = (k= DVB(ri) *X(2)G(X) Lk, xN),
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where g = [d/4] + 1. The formula is valid even for d =1 and trivial x, in which
case the sum on the left-hand side is Eq p—1(1/4) and G(X) = 1.
(iv) For d, A, x, and k of (iil) we have also
d—g

64) > e(~dji/HXG) E-inr (% +3)

Y = (k — DIV=2 - 28 (i) *X(A)G) Lk, XN,

where g = [d/2]4 1. The formula is valid even for d =1 and trivial x, in which
case the sum on the left-hand side is E_; ,—1(1/2) and G(Xx) = 1.

(v) Suppose d is odd, >3, A\(m) = (%), and x(—1) = (=1)*. Then

d—g
65) Y (—1X(G)Eie-1(3 +5) = (k= 1)2v/3(mi) " X(2)GR) Lk, xN),
j=1—g

where g = [d/6]+ 1. The formula is valid even for d =1 and trivial x, in which
case G(X) =1 and the sum on the left-hand side is Eq ;_1(1/6).

(vi) For d prime to 6 and X, x, k of (v) we have

d—g

(6.6) e(~dj/6)X(j) Ec-1(5 + 5)

-9

—

<.

= (k= 1! 3%i(mi) ~*X(6)G (X)L (k, X)),

where g = [d/2] + 1 and ¢ = e(2/3). The formula is valid even for d = 1
and trivial x, in which case G(X) = 1 and the sum on the left-hand side is
E.r-1(1/2).
(vii) Suppose d is prime to 3; let X\ be the Dirichlet character modulo 9 such
that \(2) = e(2/3). Then
d—g
6.7) > e(~=di/3)X()Eep-1(5 + 1) = (k- 1)le(c/9){1 + e(1/6)}
Jj=1-g

L(k, x\° it y(—1) = (=1),
-<2m>-k3kx<3>a<x>-{ (b2 =) = )

L(k, pu3xA) if x(=1) = (=1)**,

where ¢ = —e(1/3), and g = [d/3]+1 or g = —[d/3] according as e =1 or ¢ =
—1. The formula is valid even for d =1 and trivial x, in which case G(X) =1
and the sum on the left-hand side is E.,_1(1/3) if € = 1 and E.;-1(2/3) if
e=—1

(viii) Suppose d is odd; let X be the Dirichlet character modulo 16 such that
A(B) =i and (x\)(=1) = (—1)*. Then

d—g
(6.8) > el—dji/HXG)E-ik-1(5 + 5)
Jj=l-g
= (k— D1 +d)e(55) - 27(mi) ~*X(4)G(X) Lk, xX°),
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where g = [d/4]+1 or g = —[d/4] according as € =1 or € = —1. The formula
is valid even for d =1 and trivial x, in which case G(Y) = 1 and the sum on
the left-hand side is E_; ,_1(1/4) if e =1 and E_; x_1(3/4) if ¢ = —1. (Once
X and k are given, \ is uniquely determined by the conditions A(5) = i and
(A)(=1) = (-D)*.)

ProOOF. We first consider Case (v), which has a feature that the other cases
lack. We use formula (4.5) with o = 1/2 and ¢ = (1/6) + (j/d) with j in
the sum expression of (6.5). By Lemma 6.2 we have 0 < ¢t < 1, and so (4.5)
is applicable to the present setting for n > 0. Put j = pd + 2¢q with p, ¢ € Z.
Then for h € Z we have

e((h+ a)t) = e(1/12)e(h/6)e(p/2)e((2h + 1)q/d).

Clearly e(p/2) = e(j/2) = (—1)7. Therefore, by (4.5), the left-hand side of (6.5)
equals

2e(1/12)(k — 1)!(mi)~F > " (2h + 1) "*e(h/6) > x(4)e((2h + 1)q/d).

heZ J

Since x(j) = x(2¢) and ¢ runs over Z/dZ, the sum ) _; equals ¥(2)G(X)x(2h+1).
Put Y, cze(h/6)x(2h+1)(2h+1)7F = 3> | by,n". Since x(—1) = (—1)*, we
have b, = x(n){e((n—1)/12) +e((—n —1)/12)}. We easily see that this equals
{1+ e(5/6)}x(n)A(n). (Notice that b, = 0 if 3|n.) Therefore we obtain (6.5).
If d =1 and x is trivial, we consider E ;_1(1/6) and put G(x) = 1. Then
the above argument is valid in that case too. Also, if & = 1, we have to invoke
Lemma 4.3 for the same reason as in the proof of Theorems 4.12 and 4.14.

The other cases except Case (ii) can be proven basically in the same fashion.
We take o = 1/3 in Case (vii), @ = 1/6 in Case (vi), o = 1/4 in Cases (iv)
and (viii), and a = 1/2 in the remaining cases. We also take j = pd + qr with
p, q € Z, where r = a1, If 3|d in Case (i), then (1/3)+(j/d) =0 for j =1—g,
and therefore (4.5) is applicable only to the case k > 1.

In Case (ii), by the same technique with « = r~! = 1/2 we first obtain

(6.9) Z (LX) Bk (5 + %) = (k = )Mi(mi) *X(2)G(X) Lk, xpa),

where m = [d/2]. The left-hand side can be written

> DD Briah+ ) +x-DEa G- §) ]
j=1
By (4.3f) this equals twice the left-hand side of (6.2). Dividing by 2, we obtain
(6.2).

Now some class number formulas different from (5.7) and (5.9) can be obtained
by taking £ =1 and x to be a real character in (4.34), (4.36), and also in the
first six cases of the above theorem. Here are their explicit statements.
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Corollary 6.4. Let dy denote a positive squarefree integer > 1 and hy the
class number of the field K given in each case below. Fxcept in Case (i) suppose
dy 1s odd and let xo be the real primitive Dirichlet character of conductor dy.
Then the following assertions hold.

(i) Suppose 2 < do + 1 ¢ 4Z and K = Q(v/—dp); let x be the primitive
quadratic Dirichlet character of conductor 4dy that corresponds to K, and v =
[do/2]. Then

do—1 v
(6.10) hi =Y x(a)=>_ x(2b—1).
a=1 b=1
(ii) Suppose dy = 4u+1 with 0 < u € Z and let K = Q(v/—dy ). Then
2
(6.11) hk = x0(2) i(—l)aXO(a)~
a=1
(iii) Suppose do = 4p+3 with 0 < p € Z and let K = Q(v/—dy ). Then
i:lx(a) (n ¢ 2Z),

(6.12) hg = M
%Zx(?c—i— 1) (ne2Z).

(iv) Let K = Q(v/—2dy ) and p = [do/4]. Then

o
(6.13) hie =2x0(2) Y (=1)*x0(a) if do=4p+1,
a=1
2p+1
(6.14) hg = 22 )x0(2a+1) =2x0(2) Y (=1)’x0(b) if do =4p+3.
b=p+1
(v) Suppose that do is prime to 3 and do + 1 € 4Z; let K = Q(v/—3dp ) and

= [do/2]. Then
(6.15) hie = 2x0(2 {ZXO ZXO@}
b

where 1 <a<m,1<b<m,a=1,2 (mod 6), and b=4,5 (mod 6).
(vi) Let K and dy be the same as in (iv) and let m = [dy/6]. Then

(do—1)/2
(6.16) hx = 2x0(2) Z (=1)“xo(a).
a=m+1
(vii) Suppose that dy is prime to 3 and doy—1 € 4Z; let K = Q(v/—3dy ) and
= [do/3]. Then
2 m
(6.17) hi = > (=1)*xo(a).

2X0(2) +1 —1
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PrOOF. We first recall that E.o(t) = 1 as noted in (4.3h). Take k =1 in
(4.34). Then by (5.5) we obtain (6.10), as x(a) =0 for even a. Formula (6.12)
folllows immediately from (4.36) combined with (5.5). Next we take k£ = 1
and (xo, do) to be (x, d) in Theorem 6.3. Let us first consider (6.3). Suppose
do = 4p + 3. Then xo(—1) = —1, and the left-hand side of (6.3) equals

3u+2 “w 3u+2
Y D%o(@) = Y (~1)*x0(a) + Y (~=1)’xo(b)
a=—p a=—p b=p+1
N 2u+1
=Y (=D)*{x0(@) + xo(=a)} + D> {(=1)"x0(b) + (=1)% P xo(do — 1) }.
a=1 b=p+1

The first sum of the last line is 0; the second sum equals 2252211(_1)17)(0 (b).

Putting b = 2u+ 1 — ¢, we have 2b = d — 2¢ — 1, and so the last sum equals
X0(2) oo (=1)"xo(do — 2¢ — 1) = x0(2) Yot Xo(2¢ + 1). Applying (6.3) to
the factor L(1, xA) of (6.3), we obtain (6.14). Taking dp = 4+ 1 in (6.3), we
similarly obtain (6.13). These formulas (6.13) and (6.14) can be obtained also
from (6.4).

Formula (6.11) follows directly from (6.2) combined with (5.5) applied to the
present K. To prove (6.15), we use (6.6). Notice that dy = 7 or 11 (mod 12).
Put w = e(1/6), and suppose dy —7 € 12Z. Then the left-hand side of (6.6) can
be written Y™ | x(j)w ™/, which equals 37", x(j)(w ™/ — w?). We easily see
that this equals

(6.19) -3 ¥ ) - ¥}
a b

with a and b as in (v). Applying (5.5) to L(1, xo)), we can verify that the
right-hand side of (6.6) equals iv/3xo(6)hr /2. If dy — 11 € 12Z, then w must
be replaced by w™!, and we have iy/3 instead of —iv/3 in (6.18). Now xo(3) =
(d%), which equals —1 or 1 according as dg =7 or 11 (mod 12). Therefore we
obtain (6.15) in both cases as expected.

We derive (6.16) from (6.5). Put m = [dp/6] and do = 2¢ + 1. Then the left-
hand side of (6.5) becomes 3% ™1 (—1)ax((a). We have 3.7 (—=1)%xo(a) =
0 as xo(—1) = —1, and so we only have to consider > %" 1(_1)y((a), which

a=m-+1
equals
a

> {0 + 0P - a =2 Y (CUtala),

a=m+1 a=m+1
Thus we obtain (6.16).
Finally, in the setting of (vii) we see that the left-hand side of (6.1) equals

do*’!ﬂ*l m dofmfl

> Dol@) = > (=D)*0(@)+ D> (=1)’x0(b).

a=—m a=—m b=m+1
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The same argument as for (6.14) shows that the last sum over b vanishes, while
the sum over —m < a < m equals 2> " (—1)%xo(a). Thus we obtain (6.17)
and our proof is complete.

6.5. Though it may be possible to prove the formulas of the above corollary
more directly, our point of presenting them is that they follow easily from a more
general principle concerning L(k, x) with k& > 1. It should also be noted that
they are quite different from (5.9). Take, for example, K = Q(v/—2dy) with
do = 4p+1 asin (6.13). Then the discriminant of K is —8dy, and so the sum
of (5.9) has 16p + 3 terms. Since x(a) = 0 for even « in this case, the number
of nonvanishing terms is much smaller, but not so small as that for (6.13).

One more remark may be added, First, we can state formulas for L(1, x)
of various types of x that are not necessarily real. Take y(o to be a primitive
character whose conductor dy is of the form dy = 4p+3 and such that xo(—1) =
1. (Such a xo cannot be real.) Let A(m) = (=2). Then from (6.3) we can derive,
by the same technique as in the proof of Corollary 6.4,

“w
(6.19) 712 x0(2)G 00 (L, o) = 3 (1) Xo(a):
a=1
Similarly we can handle L(1, X,A) when dy = 4p+1, xo(—1) = —1, and A(m) =
(%), in which case a formula of type (6.14) appears. Some more formulas for

L(1, x) will be given in Corollary 6.7 below.

We now state some analogues of (4.32), which are not so technically involved
as Theorem 6.3.

Theorem 6.6. Let x be a primitive character modulo d, and k a positive
integer such that x(—1) = (—1)*. Then the following assertions hold:
(i) Suppose d is prime to 3; let ¢ = —e(1/3). Then

(6.20)  (k—1)!(2m)"*G(x)L(k, x)

x(3) dZ* (—da/3)Ee s (a/d)
= Ao )3t —x@)] & NWel=da/3)Eesa(a/d).

(ii) Suppose d is prime to 2; let ¢ = —e(1/4). Then

(6.21) (k- 1)!(27r¢)—kG(*)L(k X)

(1+z{4k_>< zk}ZX (—da/4)Ecy—1(a/d).

(iil) Suppose d is prime to 6; let ¢ = —e(1/6). Then

(6.22) (k- 1)!(2mi)"*G(x)L(k, x)
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_ x(6)
= U AT B 2 ZX (—da/6)E._1(a/d).

Proor. For simplicity, let us write F' and E for F, ;_; and E, ;_1. We first
prove (iii). Thus ¢ = —e(«) with o = 1/6. Taking N =6, ¢ =1, and ¢t = b/d
n (4.4c¢), we obtain
(%) F(6b/d) =65 > m Fe(mb/d) (b€ 7).

meE1+6Z
Clearly F(6b/d) depends only on b (mod d). Also, we easily see that
(%) > xm)ym™F = {1 - x(2)27"}{1 - x(3)37F}L(k, x).
mel+6Z

If k=1, the sums of (%) and (xx) should be understood in the sense explained
in a few lines below (4.4). Take integers p and v so that 1 = du+ 6v. Then for
0 < a<d we have a = adu + 6av and F(a/d) = e(au/6)F(6av/d) by (4.4a).
Since e(au/ﬁ) = e(ad/6), we have, in view of (x),

d—1
Zx (—ad/6)F(a/d) = 3 X(a)F(6av/d)

a=1

Applying (4.5) to F(a/d) and employing (xx), we obtain (6.22), as x(6v) = 1.
The other two cases with @ = 1/3 and « = 1/4 can be proved in the same
manner.

Corollary 6.7. Let x be a primitive character modulo d such that x(—1) =
—1. Then the following assertions hold.
(i) If d is prime to 3, we have

X (3) [d/6]
629 Cr)GOLL 0 = 2203 e - Sx0),

a=1 beB
B={beZ|0<b<d/2, b—dec3Z}.

(i) If d is prime to 2, we have

1
w MO ;x if x(4) # —1,

2-x(2) 1_1ZX if x(4) #1,

beB
A={a€Z|0<a<d/2, a=0 or —d (mod 4)},
B={beZ|0<b<d/2, b=2 or d (mod 4)}.

(6.24) (2mi)"tG(X)L(1, x) =
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(iii) If d s prime to 6, we have

629 @) GO0 = 5o gy

{ S @2 Y @) - 3 xX0) -2 wa)},

a€A, a€Ay be By be By

Ar={a€Z|0<a<d/2, a=0or —2d (mod 6)},
Ay={acZ|0<a<d/2, a=—-d (mod6)},
B ={beZ|0<b<d/2, b=dor3 (mod 6)},
By={beZ|0<b<d/2, b=2d (mod 6)}.

PRrROOF. We take k =1 in Theorem 6.6 and use the fact that E.o(t) =1 as

noted in (4.3h). We first consider the case ¢ = —e(1/6). Put ¢ = (d — 1)/2 and
¢ = e(1/6). Then the sum on the right-hand side of (6.22) can be written

> X(a){e(~da/6) —e((da —1)/6)},

and e(—b/6) —e((b—1)/6) is ¢, =, 2¢, or —2¢ according to b (mod 6). Then
we obtain (6.25) with A, and B, as given there. Case (i) can be proved in the
same manner. In Case (ii), by the same technique we first obtain

NP _ x4
(6.26) (2m)) ' G()L(L, x) = W(X -Y),
X=> x@, Y=Y x(b
acA beB

with A and B as given in (6.24). On the other hand, (4.32) with & = 1 shows
that this equals (X +Y)/(4 — 2x(2)). Thus X +Y = x(4)(X —Y). Therefore
we can state the result as in (6.24).

If K = Q(v/—d) and —d is the discriminant of K and d > 4, then the
formulas of Corollary 6.7 give hg /2. Of course we cannot attach importance to
any of such class number formulas, but we mention them simply because they
follow from more general results on L(k, x), which are well worthy of notice.



CHAPTER I1II

THE CASE OF IMAGINARY QUADRATIC FIELDS
AND NEARLY HOLOMORPHIC MODULAR FORMS

7. Dirichlet series associated with an imaginary quadratic field

7.1. To define another type of Dirichlet series similar to Dy v, we take an
imaginary quadratic field K embedded in C. We then denote by t the maximal
order of K and by p the restriction of complex conjugation to K. Fixing a
Z-lattice b in K and o € K, put a+b={{ € K|{—a € b} and
(7.1) L'(s;a, b) = > &fgr™ (0<rez),

0£Eca+b

where s is a complex variable as usual. As we said in the introduction, the
special values of the series of this type, when r > 0, are the main subject of
study in this book, and will be discussed in later sections. Here we prove several
basic analytic (that is, nonarithmetic) properties of (7.1) which can be obtained
by the same technique as for My by means of Fourier analysis on C /b. Let
us first recall some elementary facts. We identify C with R? through the map
z=x+1iy— (x,y). Let ¢ be a Z-lattice in K of the form ¢ = Zw; + Zw, with
w1, wy € K. For z =x 41y = awy + bwy with a, b € Z we have

H R B 1 B T e el 1)

w1 W2 o
f wg} , and so vol(C/¢) =
1/2

-1 1%

Thus ¢ is the image of Z? under 27! [ 1 1} {

[Im(wyw?)|, whose square we denote by d(c). Thus d(c)
|1/2

is a positive rational
number times |di|'/?, where d is the discriminant of K. In particular, if ¢ is
a fractional ideal in K, then d(c) = N(c)?|dk|/4.

To study the convergence of (7.1), for 0 < n € Z consider the parallelogram
P,, on the complex plane whose vertices are +(nw;i + nws) and +(nwy — nws).
We easily see that there are exactly 8n points & = awi + bws of ¢ lying on the
sides of P,. Take o € R, > 0, so that the circle |z| = o is inside P;. Then
€]> > n?0® for such a ¢ lying on the sides of P, and so > .. [¢]7% <
o723 | 8n-n~2%, which is convergent for Re(s) > 1. Therefore, given a and
b, we take ¢ containing a+b, and find that (7.1) defines a holomorphic function
on the half plane Re(s) > 1.

53
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The bilinear form (z, y) — ‘zy on R?xR? can be written (w’, w) — Re(w'w)
for (w’, w) € C x C. The restriction of this to K x K is the bilinear form
(&, &) — 27 " Trg g (€'€P). Therefore if we define L by (2.5), then

(7.2) b={¢ € K|Trg/q(&b) C 2Z}.

(To avoid the factor 27! or 2, we have to modify the identification of C with
R?, which will change the measure on C.)

7.2. We now state various two-dimensional analogues of the formulas of
Sections 2 and 3. First, the analogue of (2.22) is

(7.3) Op(z, a) Z ¢e(|€)?2/2) (0<reZ,zeH).
£€a+b

The convergence of this series can be seen as follows. Take ¢, P,,, and o as
above; take also T' € R, > 0, so that P; is inside the circle |z| = T. Then

(7.3a) Z ’fre(|§\2z/2)’ < ZSn(nT)r eXp(—ﬁnzazy),

0#£E€a+b n=1
which is clearly convergent. Thus (7.3) defines a holomorphic function on H.
Next, taking “the square” of formula (2.24), we find that

(7.4) /Ce(|w1|2,z/2)e((fw1@ —ww)/2)dw; =iz e(—|w|*271/2),

where w; and w are variables on C, dw; = dujdv; for w; = uy + vy, and
z € H. Applying (9/0w)" to this equality, we obtain

(7.5) /C w{e(|w1|2z/2)e((—w1@ — Elw)/2)dw1 = iz_r_lwre(—|w|22_1/2).

(See Theorem Al.4 of the Appendix.) Notice that this is so for every r > 0,
whereas the action of (0/0¢t)" on (2.24) for r > 1 does not give a formula as
simple as (2.25).
Take C/b to be R?/L in (2.9) and take f(w) = w"e(—|w|?271/2). Then

S Fatb) =Y (a+ 0o~ fa+ b /2) = O (=, )

beb beb
Substituting —z~! for z in (7.5), we find that f(w) = i(—z)" M w"e(jw|?z/2),
and so the right-hand side of (2.9) is

—z)rtt Z£Te(\§|2z/2)e(2_1TrK/Q(50/’)).
teb
Take a Z-lattice a in K so that a C b and Trg/q(aa?) C 27Z. Then (2.9) gives
(7.6)  dO)Y205(—2 1 a) = i(—2) 1 Y e(2 M Te/q(fa”))O5(z, 6).
B€b/a
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We now apply Theorem 3.2 to the present setting by taking f(z) = O}, (2, a”).
We have D(s, f) = 2°L"(s — r/2; a, b). Define f# by (3.2) with N = 1 and
k =17+ 1. We obtain f# from (7.6) and find, with a sufficiently small a, that
(7.7)  D(s, f#)=d(b)"Y/2i—"2° Z e(2_1TrK/Q(6a))LT(s —7r/2; 3, a).

B€br/a

Theorem 7.3. The product = *I'(s + r/2)L"(s; o, b) can be continued to
the whole s-plane as a meromorphic function, which is entire if r > 0. If r =0,
the product ©=*I'(s)L°(s; a, b) is an entire function plus d(b)™*/2/(s — 1) —
d(a/b)/s, where 6(a/b) =1 if a € b and d(a/b) =0 otherwise.

This is an immediate consequence of Theorem 3.2.

Substituting s+ r/2 for s in (3.4b) and employing (7.7), we obtain

(7.8) L"(1—s;a,b)
1_os T'(s+7/2)
I'l—s+r/2)

(b))% > e(2 ' Trg/q(Ba)) L (s; B, a)
Bebr/a
with a sufficiently small a.

8. Nearly holomorphic modular forms

8.1. In later sections, we will investigate the values of L"(s; «, b) at some
integer values of s, which are, in most cases, “singular values” of certain non-
holomorphic modular forms called nearly holomorphic. Thus we have to deal
with both holomorphic and nonholomorphic functions. We start with a discus-
sion of differential operators on H involving Im(z). First, for a complex variable
z = x + iy we put, as usual,

o _1(0 0N o _1(0 0
0z 2\ox 0y’ 0z 2\ox 0y’
We note that

(8.1) (0/02)(f o g) = (9f/02)(9(2)) - dg/d=
if g is holomorphic (even if f is nonholomorphic). In particular, we have, for a
differentiable function f,

(8.2) (0/02) f(az) = jo(2)72(0f)02)(az) for a € GLy(C).
To make our formulas short and transparent, we put
(8.3) n(z) =2z —Z=2iy (€ H).

Then clearly (9/0z)n™ = mn™~! for every m € Z and n(az) = |ja(2)|2n(2)
for every a € Gay.

For k € Z and 0 < peZ we define differential operators &y, 61, Dy, and DY
acting on differentiable functions f defined on the whole of H or its open subset
by
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k0
8.4 ) 9 —-
(8.4 =t = (S4 7).
(8.5) o = 5k+2p5ka 0 =0k, O =1,
(8.6) Dy = (270)"'8,,  DP = (2mi) 6.

In particular, Do f = (2mi) =10 f/0z. As the most basic property of these opera-
tors we have

(8.7) S (fllee) = 08 f)llesopr  for every o € Gay,

and consequently DY (f||x o) = (D} f)|lk+2p @ for every a € Gay. If p=1, (8.7)
becomes

(8.8) 6k (flle @) = (6, f)llk+2a  for every o € Gay,

and (8.7) follows from (8.8) by induction on p. The proof of (8.8) goes as follows.
We have

Jelflle ) = n=4(2/02) (351 02)) = n~(0/02)( (a2)"a" f(2)
= 0745 (0/02) (0 F) 0 @) = 7' 32 2{(0/02)(F )} az)
= Jja " n(az)"*{(9/02)(n* )} (az) = (0f)e+20,
which gives (8.8). We have also

B9 Sualio) = inf + S50 i) =Y () okr-or

v=0
(8.10) 7 0m(f™) = mf~ o f,
(8.11) = nl—k—P(a/az)P( krp=1y)
— Z ( ) Zig I (0<pe).

These except (8.11) follow immediately from our definition of 5 and &7. To
prove (8.11), put f*) = (9/9z)"f and denote by eb f the last sum over v.
Then

5k+2p€ff =0~ "(0/02)(n*2Pel f)

Y, < ) R B @s0=)0 7 1)

Z< ) k+p§(k+p+y)nup1f(u)+i <Ilj> mnupf(qul)'

We can easily verify that this equals &} f Thus Ek = Opqopeh. Clearly 0 =
er, and so we obtain eh = oF by mductlon on p. Now by the Leibniz rule we
easily see that n'=*=P(0/92)P(ntTP=1f) = £ f, which completes the proof of
(8.11).

From (8.9) and (8.10) we obtain
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(8.12) Sakve(f29%) = afe g0k f +bf2g" 6, (a,b€Z).

The weight £ is an integer in the whole book except in Section 16, in which
a more general case will be considered.

8.2. We now introduce the notion of nearly holomorphic forms. For a con-
gruence subgroup I" of I'(1), 0 < ¢ € Z, and 0 < k € Z we denote by A4} (I") the
set of all C-valued functions f on H satisfying the following two conditions:

(8.13a) fllgy = f for every v € I';

(8.13b) For every a € G+ we have (f]|ra)(z) = Zn_” Z Cyan€(nz/N,) with
v=0 n=0
Coan € Cand 0 < N, € Z.

Since G4 = I'(1) P as noted in (1.15), the group G4 in (8.13a) can be replaced
by I'(1). Therefore, if I' = I'(1), for example, we need (8.13b) only for o = 1.
Also, for a subfield @ of C we denote by A} (P, I') the set of all f € A}(I") such
that f(z) = YL _o(2my) =@ 30 cane(nz/N) with ¢,y € ® and 0 < N € Z. We
then put

(8.14) ML) = AUD), (@, ) =] A, D),
t=0 t=0

(8.15) Ne=Ur M), Ai@) =Up L@, D),

(8.16) N =Up AR(D), Ne(P) =Up A%(D, T),

where I" runs over all congruence subgroups of SLs(Z). We call the elements of
A%(I") nearly holomorphic modular forms of weight k with respect to I
Clearly the symbol .47 is the same as .#. As to other basic facts on the forms
of this type such as their characterization in terms of Lie algebras, the reader is
referred to [S87], [S00], and also earlier relevant papers of the author mentioned
there.

There is a well known element E; of 43(Q, I'(1)), which is given by

(8.17) Ey(z) = % - 2i4 +> ( % d>e(nz).
n=1 “0<d|n

Indeed, taking the logarithmic derivative of (1.12), we easily find that
(818) A71D12A = —24F,.

Therefore by (8.8), Es||2y = E» for every v € I'(1), and so from (8.17) we see
that Eo satisfies (8.13a, b) with I" = I'(1). In the next section we will show that
FE5 is an Eisenstein series.

Lemma 8.3. For every subfield @ of C and every congruence subgroup I of
I'(1) the following assertions hold:
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(i) The operator DY sends N (P, I') into ﬂ;igp(@, I'); in particular, it sends
M (P, I') into N (P, T).

(ii) Every element f(z) of N%(®, ') can be written uniquely in the form
f(2) = X o<a<nyo ESha with he € Mi—24(P, I'). Consequently, A7 = {0}.

(i) Dy f4+2kEsf € My y2(P,T) forevery f € M (P, ') and Dy f+2kEsf €
Lha2(P,I) for every f e . S(P,I).

(iv) A E(D) is stable under the map f — f|lra for every a € G4, provided
Qab Co.

PROOF. From the definition of Dy and (8.8), we easily see that (i) is true if
p = 1. Then the general case can be proved by induction on p. To prove (ii),
let f € N(P, ). Then f(2) =3 _(27y)~*fa(z) with holomorphic functions
fo on H. For v € G4 we have (yo~v)™ = |j,[**y~® and Joy = Jy — 2iecyy with

£ = det(y)~/2, and so
t

(8.19) Fllky =Y _(2my) =357 (G — 2iecyy)*(fa 0),
a=0

which can be written 2220(27@)*“9&7 with holomorphic functions g,,. Viewing
this as a polynomial in y~' and comparing the coefficients of y~*, we obtain
Gty = jit_k(ft o), that is, gy = fil|k—2:7, because the function y=!
algebraically independent variable over the field of meromorphic functions on
H. In particular, gy = fi if v € I, and so fi||k—2ey = fi for v € I'. By
condition (8.13b), g4, has a Fourier expansion finite at oo, this shows that f; €
M ;—2t(I"). Therefore, if ¢ > 0 and f; # 0, then k > 2¢. From the definition
of N(®, I') we see that f; € M y_oi(P, I'). Then f — 4'ELf, is an element
of A%(®@, I') of the form Zfl;t(%ry)aﬁa(z) with holomorphic ¢,. Subtracting
4t_1E§71€t,1 from this sum (if ¢ > 1), and repeating the same procedure, we
eventually find that f = Y._ E$h, with h, € M} _24(®, I'). Viewing this
as a polynomial in y~!
(iii), put g = Dy f + 2kE>f. Then we see that g is holomorphic, and belongs
to A o(®, ') by (i), and so g € Mp42(P, I). If f € 7, then for every
a € I'(1), we have g||g+2c = Dp(f|lke) + 2kE2 - (f||kcr), whose constant term
is 0. Thus g € Spyo. As for (iv), from (8.13a,b) and (8.19) we see that A7
is stable under the map f — f|lxa for every a € Gi. Now (iv) is clear for
a € Py, and so in view of (1.15), it is sufficient to prove the case a € I'(1).
Given f € A(®, 1), by (ii) we can put f = 3 oo, <)/ ESha with h, €
Mi—2a(P, I'). If o € I'(1), then flra =", ES - (hallra). Suppose Qap C P;
then by Theorem 1.5, hy|xe € A —24(P), and so f|ra € N}(P) as expected.
This completes the proof.

is an

, we easily find that the expression is unique. To prove

The principle stated in (iii) above often gives explicit formulas for Dy f for
explicitly given f. We will state some such formulas in the following two sections,
and add a few comments in §16.8.



CHAPTER 1V

EISENSTEIN SERIES

9. Fourier expansions of Eisenstein series
9.1. For 0 < k € Z, a positive integer N, and (p, q) € Z* we put
(9.1)  &¥(z, s;p, q) =Im(2)® Z (mz+n)"Fmz+n|"2* (2€ H,s€C),
(m,n)
(9-2) V(2 p ) =€ (2 0:p,q)  (k>0),

where (m, n) runs over Z? under the condition 0 # (m, n) = (p, ¢) (mod NZ?).
We showed in §7.1 that the sum Y |aw; + bws|~2° with 0 # (a, b) € Z2 is
convergent for Re(s) > 1 if Zwy + Zws is a lattice in C. Applying this fact to
the lattice Zz + Z with z € H, we see that the series of (9.1) is convergent for
Re(2s)+k > 2. Moreover we will prove in Theorem 9.7 that it can be continued to
a meromorphic function in s on the whole plane satisfying a functional equation.
If k£ > 0 in particular, it can be continued to an entire function of s. Thus the
function of (9.2) is meaningful.

For v € I'(1) and (m’, n’) = (m, n)y we have m’z +n’ = (mv(z) + n)j,(z),
and so we can easily verify that

(9.3)  €Y(z s (p, 0)7) = €Y (v2, 85 p, @)jy(2)7F for every v € I(1).

In particular, we have

(9.3a) €Y (2, 50 Oy = €Y (2 53 p, q) for every v € I'(N),
(9-3b) ¢Y(z, 8 —p, —q) = (=)*€Y (2, 55 p, q),

(9-3¢) eY(z, 8¢, —p) = 2 €Y (=271, 55 p, @),

(9.3d) h=F=2&N (2, s p, q) = €MV (2, s; hp, hq) (0< heZ).

Now the Fourier expansion of GkN (z; p, q) can be given as follows:

(9.4) (7271'7;)7ka['(]€)€]1€\[(2; D, q)

= A+B+i Z n*~te(n(mz + q)/N)

n=1 0<mep+NZ

+ Z Z (—l)knkfle(n(mz —q)/N),

n=1 0<me—p+NZ

59
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where A and B are determined by

—2mi) " *NF(k)ME \(0) if pe NZ,
950 A [ (2R NN 0) i pe

0 otherwise,

27'M) y(=1/2) if k=1 and p ¢ NZ,
(9.5b) B={ (4ny)~! if k=2,

0 otherwise,
(9.5¢) M;N(s) = Z m~F|m| 2.

0#meq+NZ

The function M} y is the same as what we defined in (3.5).

Such Fourier expansions were obtained in substance by Hecke in [He27],
though he did not give constant terms in clear-cut finite forms. The last com-
ment applies even to later authors. The explicit forms of Eisenstein series of
“Haupttypus und Nebentypus” belonging to I'1 (V) were given in [He40], under
the condition that IV is a prime and k > 2. In such cases, he gave the constant
terms by proving (4.26), as we already noted in Section 4. Here we followed the
formulation of [S00, Section 18], and we give the details of the proof in §A3.7 of
the Appendix.

We observe that €7 (z; p, q), if k # 2, is holomorphic in z, and (9.3) together
with (9.4) shows that (1.9Db) is satisfied, and therefore it belongs to .4 (I'(N)).
For k = 2, we have the term (47y)~! as noted in (9.5b), and so (8.13b) is satisfied
with ¢ = 1. Thus €Y (z; p, ¢) is nearly holomorphic and belongs to .43 (I'(N)).

Put &y = Q(e(1/N)). Then the function (27i)"*&N(z; p, ¢) belongs to
M(Py) or N3 (Py) according as k # 2 or k= 2. Indeed, (9.4) shows clearly
that the Fourier coefficients, except the constant term, belong to @ 5. As for the
constant term, we first note that

(9.6a) M}Fy(s)=0 if ¢eNZ and k¢ 2Z,

(9.6b) MFEy(s) =2N"F2¢(2s+ k) if qeNZ and ke?2Z

Thus for ¢ € NZ, the value M;N(O) is 0 if k ¢ 2Z and 2N~k((k) if k € 2Z,
which belongs to 7*Q* by (4.25). For ¢ ¢ NZ the value M;N(O) can be
obtained by (3.9). As for M;N(—l/2) that appears in (9.5b), it is given by

(3.8). From these formulas we see that the constant term belongs to @y, which
proves the desired fact on (27i) *€N (z; p, q).

9.2. If N =1, the Fourier expansion of our Eisenstein series has a well known
clear-cut form. For 2 < k € 2Z we put

(9.7) Ey(z) =271 2mi)~*I(k)€L(2; 0, 0).
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For k = 2 the function Ej is exactly the nonholomorphic form of (8.17). For
k > 2 we have

9.8) Fi() = (é;z_)lg! (k) +Ze(nz){ 3 dk—l}.

n=1 0<d|n

Thus Ej is normalized in the sense that the coefficient of e(z) is 1. Let Ag
denote the constant term of Ey(z). By (4.25) we have

(9.8a) Ay = —By/(2k).

From (4.12) we see that (—1)™As,, > 0. We note here the first four values of
Ak :

(9.8b) Ay =1/240, Ag = —1/504, Ag=1/480, Ajy = —1/264.

We add here several more examples of Lemma 8.3 (ii), (iii), which will be
needed later:

(9.9a) DyE; = (5/6)Ey — 2E3,

(9.9b) DyEy = (7/10)Eg — 8E, By,

(9.9¢) DgEg = (10/21)Es — 12E, Eg,
(9.9d) D2E, = (7/12)Eg — 10E,E, + 8E3.

The first three formulas can be verified by checking the nonholomorphic and
constant terms, as dim .#;, (F(l)) = 1 for even k such that 4 < k < 10. Then the
last one follows from these by applying Ds to (9.9a). In the next section we will
give a recurrence formula by which we can express Ej for k > 8 as a polynomial
in Ej, with h < k. Therefore we obtain inductively the formula for D} E} as a
Q-linear combination of the monomials £ E4E§ such that 2a+4b+6¢ = k+2n.
The formula for Dp&N (2, s; p, q) will be given in (9.12).

9.3. We will discuss explicit examples of Eisenstein series belonging to Iy (IV)
in the next section. Here we mention two types, which depend on a primitive
Dirichlet character y modulo N. Assuming that N > 1 and x(—1) = (—1),
put

NkF ) N—-1
(9.10a) gpéx(z = Aomi)t Z x(p)EN (2 p, 0),
p=1
NkF N-1
(9.10b) #kx(9) = 551 zm Sa—aeE D X(@E (%0, q),
g=1

where G(x) is the Gauss sum of (4.20). These have the following expansions:

(9.11a) G (2) = C+ 3 emz/N) Y x(n/d)d,

0<d|n
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N
Z (k= 1),

0 (k> 1),

k oo
(9.11b) ¢} (2) = G<Nf(k) Z 9 Y @i,

X)(—2mi)* 0<d|n

Q
Il
w

The nonconstant terms of these can be verified in a straightforward way in view of
(4.21). To obtain the constant term of ¢ , we note that Zévzl X(q)M;N(s) =
2L(2s + k, x), and so Zévzl X(q)M;N(O) = 2L(k, x). We can apply (4.16a),
(4.26), (4.32-36) to this constant term. As for the constant term of gol,;’x, it is
clearly 0if k > 1. For k=1 we have 27' Y7 x(p)M, y(—1/2) = L(0, x), which
is given by (4.27).

From (9.3) we obtain the first three of the following formulas:

(9.11¢) o (=) (=2)* = GO (2),

(9.11d) Gy = x(dy) gy, for every v € I'(N),

(9.11¢) ey = xlay)ef, for every € To(N),

(9.11f)  If ¢(z) = @iﬁX(Nz), then 9|y = x(d,)y for every ~ € Ih(N),
(9.11g)  If w(2) = ¢}, (2/N), then w|[xy = x(a,)w for every e I'°(N),
(9.110) Pn(V2) = G52,

The last formula follows from (9.10a, b) and (9.11f, g) follow from (9.11d, e).

9.4. The explicit action of the operator D} of (8.6) on Eisenstein series is
given by
ZL(k+s+n)

(9.12)  DpEN(z, s;p, q) = (—4m)~ Tlk+s)

€k+2n( —n;p, q)
To prove this, we first note

(9.13) 5p(y*) = (20 EEE SN o

ST eTR C
s Y (s €C),
which can be verified by induction on n, or by (8.11). Since y*||ra = y*(cz +

d)"*lez +d|72 for a = [i Z} € G, we have, by (9.13) and (8.8),

O (y*(cz + d)Mez + d|72) = 5 (v [|k@) = (57" k+2n @
= (2)"T(k+8) " 'T(k+ s+ n)y* || pgon o
= (20)""L(k+ )T (k+ s +n)y*™(cz + d) 52" ez + d|?" 25,

Therefore termwise differentiation proves (9.12) for sufficiently large Re(s), and
even for every s, because both sides are holomorphic in s on the whole C.
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9.5. We now consider the explicit Fourier expansion of @kN (z, s; p, q) at
s =1—k If k=1, the function is &V (z, 0; p, q), whose Fourier expansion
was given in (9.4). Therefore we consider only the case k > 1. The result is as
follows:

(9.14) (=2i)"*Nr=1eN(z,1-k; p, q)

=A+B+ i Z m*~e(n(mz + q)/N)

n=1 0<méep+NZ

3 Ut le(nime —g)/N),

(4ry) N if k=2 and (p, q) € NZ?,
9.15 A=
( 2) { 0 otherwise,
(9.15b) B = —k~'N*"'By(p/N),

where Bg(t) is the Bernoulli polynomial of (4.7b). The proof will be given in
§A3.8 of the Appendix. Notice that the function of (9.14) for k£ = 2 is nonholo-
morphic only when (p, q) € NZ?, while (9.4) for k = 2 is always nonholomor-
phic. We easily see that

(9.16) (=2i)FaLEl(z, 1 —k; 0, 0) = 2E(2) (0 < k € 2Z).

Theorem 9.6. Denote the function €Y (z, s; p, q), for any fized (N, k, p, q)
as in §9.1, simply by €r(z, s). Then the following assertions hold:

(1) m %€k (2, 0) belongs to M 1.(Qap) except when k = 2, in which case it
belongs to N3 (Qap).

(i) 7 1€x(2, 1 — k) belongs to M 1(Qap) except when k = 2, in which case it
belongs to N3 (Qap)-

(iii) Let n be an integer such that 0 < n < k—1. Then 7" ¥ & (2, —n) belongs
to NE(Qap), where t =k—n—1 i n>k/2 or n=(k—2)/2, and t =n in
all the remaining cases.

ProOOF. We have already seen (i) in §9.1, which includes (ii) in the case
k =1; for k> 1, (ii) can be seen from (9.14). To prove (iii), we first assume
that 0 < n < (k —1)/2. Putting ¢ = k — 2n, from (9.12) (with ¢ in place of k
there) we obtain

(9.17a) I'(l+n)€(z, —n) = (—4m)"I'({) D} €4(z, 0).

Therefore we obtain (iii) in this case by combining (i) with Lemma 8.3 (i). Next
suppose (k—1)/2 <n<k—-1.Put m=%k—n—1 and k—2m = h. Then
0<m<(k—1)/2, h > 1, and (9.12) gives

(9.17b) I'(m+1)€(z, —n) = (—4m)" D" € (2, 1 — h).
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Therefore we obtain the desired fact from (ii) and Lemma 8.3 (i).
Theorem 9.7. For k>0, N, and (p,q) as in §9.1 put
(9.18) ZN(z, s3p, q) = T'(s+ k)m €Y (2, 8; p, q).

Then this function can be continued as a meromorphic function of s to the whole
complex plane. It is an entire function if k > 0; if k=0, it is an entire function
plus N=2/(s — 1) — 6/s, where § = 1 if (p, q) € NZ? and § = 0 otherwise.
Moreover we have
(9.19) ZN(z,1—k—s;p, q)
= N2sth=2 Z e((ga — pb)/N)Z} (2, s; a, b).
(a,b)€Z? /NZ?

Remark. In Theorem A3.5 of the Appendix we will investigate the real

analyticity of the function in (z, s) € H x C. See also §A3.9.

Before proving our theorem, we state a few formulas derived from (9.19). As-
suming k > 0 and evaluating (9.19) at s = 0, we obtain an equality connecting
the function of (9.14) to that of (9.4):

(9.20)  (=20)"*N71eN(z, 1—k; p, q)

=N"' Y e((ga—pb)/N)(=2mi) N T (k)€Y (=; a, b).
(a,b)€Z2/NZ2

In the simplest case N = 1 we have

(9.21) ZH(z, 8 0,0)=I(s+k)m °€EL(z, s; 0, 0)
=Zl(z,1—k—s5;0,0),
(9.22) (—2i)Fr7lel(z, 1 — k; 0, 0) = 2B (2).

PrROOF OF THEOREM 9.7. We start with the equality
(9.23) / (uz +v)F exp (— mty ™ uz + v|*)e(—ur — vs)du dv
R2
=t " sz —r)Fexp (— wtty sz — r[?).

Here 0<ke€Z,0<teR,z€ H,y=1Im(z), and u, v, r, s are real variables.
To prove this, we first substitute k and iy~'t for r and z in (7.5). After that,
put w; = uZ +v and w = i(szZ — r)/y. If the variables w1, v; are determined
by w1 = u1i + v1, then dujdvy =y - dudv. Since w1W + Whw = 2(ur + vs), we
obtain (9.23) from (7.5)

We are going to apply (2.9) to the function f on R? defined by f(u, v) =
(uz 4+ v)* exp (— wty~'uz + v|?). Then (9.23) shows that f(r, s) =t"F1g(r, s)
with g(r, s) = (sz —r)Fexp (— 'y~ tsz — r[?). Take z of (2.9) to be (p, q)
with p, ¢ € Z and L = NZ?. Then (2.9) takes the form
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Z f(p+ Ne, g+ Nd) =t *"IN—2 Z e(pr +qs)g(r, s).
(c,d)ez2? (r,s)eN—1Z2

Let ¢(t) denote the left-hand side and v(¢t~!) the right-hand side without the
t=#=1 suppressing the variable z. Then we have

p(t) =t 1y,
p(t) = Z (mz + n)* exp (— wty~mz + nf?),

(mn)e(p,q)+NZ>
P(t) = N~F=2 Z e((ga — pb)/N)(aZ + b)* exp (— wty ' N 2|az + b]?).
(a,b)eZ?
To obtain the expression for v, we put (Ns, —N7r) = (a, b). Let e =1 if k=0
and & = 0 otherwise; let § be as in our theorem. Put &(t) = ¢(t) — de and
W(t) = N¥*29)(t) — e. Then, by (2.1h) we have at least formally

factor

(1) / D)t tdt = I'(s)m 5y* Z (mZ 4 n)F|mz 4+ n| 725
0 0#£(m.n)€(p,q)+NZ?

The last sum is absolutely convergent if Re(2s — k) > 2 for the same reason as
what we said in §9.1. Therefore by (A1.2) of the Apppendix, termwise integration
is justified, and the above equality is valid for Re(2s — k) > 2. Notice that the
last sum is exactly y*"*€N(z, s — k; p, ¢). Now &(t) has an estimate of type
(7.3a), and so ¥(t) = O(e™“) as t — oo with a positive constant that depends
only on z. The same can be said about ¥(t). For the same reason as in (1) we
obtain, for Re(2s — k) > 2,

(2) / ()t at
0
= I(s)N*n—syF Z e((ga — pb)/N) € (2, s — k; a, b).
(a,b)€Z2/NZ2
Now we can apply the arguments in the proof of Theorem 3.2 to the present
setting by taking IV there to be 1. We have
D(t7Y) = N=h=2¢kH1g () 4 e N—F=2¢h+1 _ e

Let R(s) resp. R/(s) denote the right-hand side of (1) resp. (2). Then repeating
the calculation in the proof of Theorem 3.2 with obvious modifications, we find
that

(o) o) _9
Rk+1-s)= / P(t)tFodt + N~h2 / T(t)dt — N 551
1 1 s —

for Re(s) < 0,as e = 0 if k¥ > 0. The last two integrals over [1, co) are convergent

for every s, and so R(s) is meromorphic on the whole s-plane We also find that
R(k+1—s) = N7 2R/(s). Substituting s + k for s and arranging various
factors suitably, we obtain the results as stated in our theorem.
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10. Polynomial relations between Eisenstein series

10.1. For a congruence subgroup I” of I'(1) we put
(10.1) M) = M(I)
k=0

where the sum is considered within the ring of all holomorphic functions on H.
Suppose we find two modular forms f and g such that (") = CIf, g], though
in general we may need more than two generators. For the reason explained in
the introduction, we ask the question of finding the explicit form of the expression
for a given element of M (") as a polynomial in f and g. There is no clear-cut
answer in the general case. If I' = I'(1), we take {f, g} to be {E4, Eg}. In this
case the answer can be given at least for Es,, with any m > 1 by a recurrence
formula obtained from the expansion of the Weierstrass p-function, as we will
show below. There is one more case in which we can find a similar recurrence
formula. To state such formulas, we first recall some elementary facts on . (In
Section A4 of the Appendix we present an easy treatment of this topic and give
the proof of various formulas such as (10.3b) and (10.3d).)
Given two complex numbers w; and wy such that Im(w1 Jwa2) > 0, we put

(102)  L=72w +Zwy, Gi=GCrlwr,wy)= » 6 w (4 <ke2Z).

0#w€eL
Then we have, as usual,
(10.32)  p(u) = p(u; wi, wo) =u2+ Y {(u—w)2—w?},

0#weL
(10.3b) ' (u)? = 4p(u)® — g2p(u) — g3,
(10.3c) g2 = g2(w1, w2) = 60G4, g3 = g3(w1, wa) = 140G,
(10.3d) p(u) =u"2+ > (2m — 1)Gamu®™ 2,
m=2

where w; and ws are suppresed, and @' = dp/0u. We often specialize (w1, wa)
to (z, 1) with z € H. For example, we put

(10.3¢) g2(2) = (2mi) ~ga(2, 1), gs(2) = (2m) Sga(z, 1).
Notice that

(10.4a) Gr(z, 1) = €i(2; 0, 0) =2 2mi)* (k)1 Ex(2),
(10.4Db) g2(2) = 20E4(2),  g3(z) = (7/3)E6(2).

We define A(z) and J(z) as usual by

(10.4c) A(2) = ga(2)3 — 27g3(2)? = 203 E4(2)® — 3 - T2 Eg(2)?,
(10.4d) J(=) = gal2) JA().
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It is well known that A of (10.4¢) coincides with A of (1.12), and < (1'(1)) =
C(J). We will be considering the elliptic curve
(10.4e) Clwi, wa) : Y2 =4X3 — ga(w1, we)X — g3(w1, wa),

which we view as a projective curve in an obvious way. This is parametrized by
the map u — (p(u, w1, wa), o' (u; wi, wg)), and isomorphic to C/(Zz + Z) with
2= wi/ws.

10.2. Differentiating equality (10.3b) and dividing by 2¢’, we obtain
(10.5) o' = 0%p/0u? = 6p — 27 1gs.
Put ™) (u; wi, wo) = (9/0u)” p(u; wy, wa). Then
(10.6a) ") (Mu; Awr, dwz) = A7V 200 (u; wy, wy) (vr>0, Ae CX),

(10.6b) o) (u; wi, wo) = (1) (v +1)! Z(u —w) v (v > 0).
wel
Put p(u) =u"2+> 7, c,u?" 2 Then

(10.6¢) o (u)=6u"*+ 2(271 —2)(2n — 3)cu

n=2

Substituting these into (10.5) and putting the result in order, we obtain
n—2

(10.7) (n—=3)2n+1)c, =3 Z CrCp—r (n>4).
r=2
Since ¢, = 2(2711)?"I"'(2n — 1)~  Ey,(2), (10.7) gives
( 3)(271 + 1 Egn EQT»EQS
10. = >4
(108) (2n —2) 6”28; s —oes—2 2

where (r, s) runs over the ordered pairs of integers > 2 such that r + s = n.
This is the recurrence formula mentioned at the beginning. Relation (10.7) was
known to Weierstrass; see [Wei, p.11, (8)]. It has been reproduced in many
textbooks on elliptic functions, but apparently it has never been viewed as a
relation between Eisenstein series as stated here. By means of (10.8) we can find
inductively an expression for Fs, as a polynomial in £, and Eg. We note the
first four such expressions:

(10.9) Eg=120E%, 11E9 =5040E,FEs, 13E15 = 12600(96E3 + E2),

By = 2834527 . E2E.
The numerical constant of the last formula can be obtained from (9.8a). We
note that .7 (F(l)) = AM_1o (F(l)); see [S71, Proposition 2.27]. We have

also Ay, (F(l)) = .7} (F(l)) + CE}. Thus (F(l)) has a C-basis formed by
A°Ey, with a and b such that k = 12a + b.
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10.3. We are going to state a recurrence formula for Eisenstein series of a
higher level. Given k € Z,> 0, and (a, b) € Q?, take N € Z, > 0, so that
N(a, b) € Z*. We then put (p, q) = (Na, Nb), and

(10.10a)  fM)(z; a, b) = 2mi) ™ 2pW (az +b; 2, 1) ((a, b) ¢ Z?),
(10.10b)  Fi(2) = Fi(2; a, b)=(=2mi) *N*I'(k)&Y (2;p, @) (k#2),
(10.10¢) Fy(z) = Fs(z; a, b) = f(z; a, b) ((a, b) ¢ Z2),
(10.10d) Fa(2) = Fo(z; a, b) = (2mi) 2N2el (2; p, q),

where f(z;a,b) = f(O(z; a, b). We easily see that the functions of (10.10b)
and (10.10d) are well defined independently of the choice of N. These functions,
except Z5, are modular forms of level N, and .#; € /4. They depend only on
(a, b) modulo Z?; see (9.3d). From (10.6b) and (9.7) we easily see that

(10.11a) f*=2 (2 a, b) = Fp(z;a,0)  (k>2, (a, b) ¢ Z?),
(10.11b) Fi(2;0,0) = 2B (2) (K #2),
(10.11c) Fa(2; 0, 0) = 2E5(2).

The Fourier expansion of f(z; 7/N, s/N) for 0 <r < N, (r, s) ¢ NZ2, is as
follows:

(10.12)  f(z; 7/N, s/N) = 22{ > }

0<d|n

+ qurN(l _ quz“v)—2 + Z Can + C—en —rn Z qmn,
m=1

where q = e(z), qny = e(z/N), and ¢ = e(1/N). This was given in [S71, pp. 140-
141]. For the reader’s convenience, we give a proof in §A4.2 of the Appendix.
Comparing (10.12) with (9.4), we easily see that

(10.13) Fy(z; a, b) = Fa(z; a, b) — 2E5(2).

This was noted by Hecke in [He27, (14)], where he said that the equality would
follow from the limit process s — 0 applied to €Y (2, s; p, q) (without employing
the Fourier expansions), but this does not seem to be so easy as he might have
thought.

10.4. Successive differentiation of (10.5) produces

(10.14) P =123 (2> Pt (r20).
a=0

Thus, from (10.3b), (10.4b), (10.5), and (10.14) we obtain
(10.15a) Fi = AF3 — 20E4F, — (7/3)Eg,
(10.15b) Fy=6F; — 10Ey,
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(10.15¢) Frys =12 (:) FisFr_iys  (r>0),
=0

where F}, means Fj(z; a, b) with (a, b) ¢ Z2.

Theorem 10.5. For any fived (a, b) € Q?, ¢ Z%, and k > 2 the function
Fy(z; a, b) is a polynomial of F5(z; a, b), F3(z; a, b), and Fy(z; a, b) with ratio-
nal coefficients; it is also a polynomial of F5(z; a, b), F5(z; a, b), and E4(z) with

rational coefficients.

This follows immediately from (10.15b, ¢) by induction on k. For example,
we have

(10.16) Fs = 12F3F,, Fg=12F2 + 12F,F,, F; = 36F,F; + 144F3F2.

Applying D}, 5 to (10.15¢) and using (8.9), we obtain

0017)  DiysFis =123 () > (1) DL (Dr P

i= Jj=
for every n > 0. The significance of this formula will become clearer in the next
section. Interestingly, these relations hold for every (a, b) € Q?, ¢ Z2, though
we are suppressing those parameters. Also, (10.15¢) and (10.17) involve modular
forms of both even and odd weights, while (10.8) concerns only those of even
weights.

10.6. The values of p at the half periods produce modular forms of weight
2 and level 2. They are useful in various ways, but are not fully discussed in
any modern textbook. Therefore we present here a detailed exposition of this
subject. Thus we put e, = p(w,/2; w1, we) for v =1, 2, 3, where w3z = w1 +wo.
It is well known that
(10.18) 423 — gox — g3 = 4(x — e1)(z — e2)(z — e3).
Though these quantities are simply written e, and g,,, it should be remembered
that they are functions of (w;, wy). We have clearly
(1019&) e1+ ey +e3 = O7 4(6263 + esze; + 6162) = —g2, 4616263 = gs3.
By a direct calculation we can easily verify that
(10.19b) g5 — 2793 = 16(e2 — e3)?(e3 — e1)?(e1 — €2)?.

Though w, is the period of dp/p’" over a 1-cycle, it is also practical to express
wy, /2 as an elliptic integral. Indeed, we have clearly

(10.20)

wl,/2:/ du:/ do .
w2 e V4x3 — gax — g3

In order to view the e, as modular forms, we put
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(10.21) e1(2) = f(z; 1/2,0), e2(2) = f(2;0,1/2), e3(2) = f(z; 1/2, 1/2).
We have e, = (2mi/w2)%e,(2), and so
(10.22a) 423 — gox — g3 = 423 — 20E4x — (7/3)Es

=4(x —e1)(z —e2)(z —€3),

(10.22b) &1 +e2+e3=0, 4(e2e3+e3e1 +e162) = —g2, 4de160e3 = 83,

(10.22¢) A =16(eg —e3)%(e3 — 1)%(e1 — 2)%

The variable z is suppressed in these formulas. We note here well known for-
mulas:

(10.23a) e1(z+1)=e3(2), e(z+1)=e2(2), e3(z+1)=c¢e1(2),
(10.23b)  e1(—271) = 22e2(2), ea(—271) = 2%e1(2), e3(—271) = 22e3(2),
(10.23c¢) ea(z) = —2¢1(22).

Clearly (10.23a) and (10.23b) follow from (10.11a), (10.13), and (9.3). As
for (10.23c), we note that ez € .#2(I5(2)) and &1 € A2 (alp(2)a™t) with
o = diag[2, 1]; also, .#2(I5(2)) is of dimension 1, as can easily be seen from
the standard fact on such a dimension; see [S71, Theorem 2.23]. Therefore,
comparing the constant terms of these functions, we obtain (10.23c).

The Fourier expansions of the functions ¢, are as follows:

(10.24a) e1(z) = % +22{ Z d}qéﬂ

=1 *d odd, >0,d|n

(10.24b) ea(2) = %1 _ 4? { 5 d}qn’

=1 *d odd, >0,d|n

(10.24¢) 53(z>=112+22(_1)n{ > d}qg,
n=1

d odd, >0,d|n

where q2 = €(z/2). Indeed, we obtain (10.24b) immediately from (10.12). Then
(10.24a) and (10.24c) follow from (10.23c) and (10.23a).
We note interesting equalities

(10.24d) —2mei(z) = €3(2, —1; 1, 0), —2mea(2) = €3(2, —1; 0, 1),
—2me3(z) = €3(z, —1; 1, 1).
The first equality can be shown by comparing (10.24a) with (9.14). Then the

transformations z — —z~!' and z +— z + 1 prove the other two.

10.7. As explained in §10.2, for I' = SLs(Z) the question of expressing an
Eisenstein series as a polynomial in B, and Eg is settled by (10.8). The problem
for a more general I is not so simple. Let us now treat relatively easy types of I’
of level 4. We first observe that Fy(z; 0, 1/4) belongs to .#, (F1(4)). Put I, =
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-1
1 0 1 1
(1/47 O)’ (aQ’ bQ) - (O’ 1/4)7 (a?n b3) = (1/47 1/4) Then (07 1/4)'7V = (au; bu)a
and so Fy(z; a,, b,) belongs to A (I,) for k > 1; in addition, e, € A#5(I}).
Fixing v, let us simply denote by Fj and %5 the functions defined by (10.10b,
¢, d) with (a, b) = (ay, b,). Then we have

(10.25a) dim (L) = 1+ [k/2),
(10.25b) M(I,) = C[F, &)  (v=1,2,3).

7 T (4)y, with 71 = {0 (% =1, and 73 = [1 0} ; also put (a1, by) =

It is sufficient to prove these for one particular choice of v, say v = 2. Then
I'; = It (4). For that group we have proved (10.25a) in (1.22).
Next, from (9.4) we see that

Fi(z;0,1/4) =271+ 2i enz{ (_4)},
1250, 1/4) >oer 32 (5
which equals 2i times ], of (9.10b) with N = 4. The Fourier expansion of e,
is given by (10.24b), and we easily see that F? and &5 are linearly independent
over C. Suppose I} and e, are algebraically dependent over C. Then, since
modular forms of different weights are linearly independent over C, there is a
nontrivial relation Y7 ¢, F}* *"e% = 0 with 0 < m < n/2 and ¢, € C. This
means that F’ 17252 is a constant, a contradiction. Now the number of pairs (a, b)
of nonnegative integers a, b such that a + 2b = k is exactly 1+ [k/2]. The
monomials Ffeb for such (a, b) are linearly independent over C, and so they
span ., (I"). Thus we obtain (10.25b).
Now we have

(10.26a) 2F, = 2% — 4By = AF? — ¢,
(10.26b) F3; =8F} — 6F¢,,

(10.26¢) Fy = 6F% — 10Ey,

(10.26d) 5Ey = —4F} + 6F2e, + (3/4)e2,
(10.26e) TEs = 123 — 60¢, Ey,
(10.26f) D1 Fy +2F By = 2F} — (5/2)Fiey,
(10.26g) Dae, + 4Fqe, = 22 — (20/3)Ey,
(10.26h) M(I,) = C[Fy, F).

The last equality follows from (10.25b) and (10.26a). We already noted (10.26¢)
in (10.15b); (10.226¢) follows from the fact that e, is a root of the polynomial
of (10.22a); the remaining equalities can be verified by comparing the first few
Fourier coefficients of both sides. As for Fj with k& > 5, we can use (10.15¢).
These together with (9.9a, b, ¢, d), (10.15b), and (10.17) are enough for con-
cluding that D} F), and D3 . %, are polynomials in Fi, €,, and Ey with rational
coefficients which are computable.
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Put now
(1027)  F{M (2 p/N, q/N)=(~2)) "Nz &N (2, 1 — ki p, q) (1<keZ).

The Fourier expansion of this function was given in (9.14). This function F; IEN) is
often useful. Notice that it depends on N. If N = 1, this coincides with 2E}(z)
by (9.22). For N =4 and (a, b) = (a,, b,), v =1, 2, 3, as above we have
(10.27a) F{Y(z; a, b) = 4F3(z; a, b) — 16F(2; a, b)®.

In (9.17a, b) we stated formulas for &Y (z, —n; p, q). Here we reformulate
them in terms of Fy'(z; p/N, ¢/N) and F,gN)(z; p/N, q/N) as follows:

(10.28)  €N(z, —n; p, q) = 7 HR20 (v + k) /2) T (=23)”
{ N=FDyF}: (2 p/N, q/N) (k>0),
N=Dy  FN)(z: p/N, q/N) (k <0).

Here v, k€ Z,2—v <k <v,n=(v-k)/2 € Z,and m = (v+k—2)/2; F} = F},
if k+# 2 and Fy = %,. Thus we need Dg“_sz(ivlz in addition to D} F} and we
naturally ask whether Dg* kFQ(I_V; is a polynomial in the basic functions such as

Fy, e,, and Es for I, of level 4. We will answer this affirmatively in Lemma
10.14 below at least when the group is conjugate to I'1(N) with 3 < N <6.

10.8. Let us next discuss the case of level 3. Let I' = v~'I7(3)y with a
fixed v € SLyo(Z). Put Fy, = Fy(%; ¢,/3, d,/3) for simplicity. Then by the same
technique as in §10.7 we can show that dim.#(I") = 1 + [k/3] and M(I") =
C[F}, F3]. The function Fy(z; 1/3, 0) for odd k is the same as the function of
(9.10a) for N = 3. Using the Fourier expansions, we can verify that

(10.29a) Fy = %y — 2, = 3F?,
(10.29b) 5E, = 2TF} — 3F| F3,

(10.29¢) Fy =6, F3,

(10.29d) TEs = —3F3 + 22 - 33F3Fy — 23 - 31 FP,
(10.29¢) DiFy +2F 1 Ey = 27 F3 — 3F},
(10.29f) D3F3 + 6F3Ey = 3F?F3.

Notice that (10.29¢) follows from (10.15b) and (10.29a, b). For the same reason
as in §10.7, D} F), and D3.%, are polynomials in Fy, F3, and Fy with rational
coefficients which are computable.

Using the symbol of (10.27), for (a, b) € 37122, ¢ Z* we have
(10.30a) F$¥ (2; a, b) = 3F3(2; a, b) — 24F) (2 a, b)®,
(10.30D) F®(z; a, b) = Fy(z; a, b) — 26E4(2).
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10.9. Let us now recall some basic properties of the classical modular function
A which is defined by
e3(z) —e1(z) es—e;

(10.31) Az) = 20 —e1(2) e (z € H),

where €, and e, are as in §10.5. We see that A € .;%(1"(2))7 as €, € Mo (F(Q))
The e, are all different, and so A(z) # 0, co for every z € H.

Theorem 10.10. (i) % (I'(2)) = C()).

(i) % (I0(2)) = C(u), where p= (1 —A)A72

(i) J = Adp+1)°% 4N —A+1)°
272 2TA2(1— N2

(iv) The function A maps I'(2)\H bijectively onto C — {0, 1, oo}.
ProOF. We have
(10.32) = (g2 —e1)(e2 —e3)(e3 — 1) 7>
From (10.23a) we see that u(z 4+ 1) = pu(z), and so p € 4 (10(2)), as 1o(2)

(1) ” . Since €1 + 3 + €3 = 0, we can verify that

p+1=—3(eae3 + €361 + €162)(e3 — €1) 72, and so by (10.22b, c),

is generated by I'(2) and [

Ap+1)°  —A(ezez teser +e1e2)® gl

27u2 (g9 —e3)%(e3 —€1)2(e1 —£2)2 A =7

This proves the first equality of (iii). Then the second part can easily be verified.
Now the equation 27u?J = 4(u + 1)® shows that [C(u) : C(J)] = 3. Since
p € (I5(2)) and [I'(1) : IH(2)] = 3, we obtain (i), and also (i), as [C()) :
C(J)] =6 and [I'(1) : I'(2)] = 6. In view of (i), we see that A gives a bijection
of the compact Riemann surface I'(2)\(H U Q U 00) onto the Riemann sphere
C U {oo}. We have J(z) # oo for z € H, and so the formula of (iii) shows that
A(z) ¢ {0, 1, oco}. Since we can easily show that I'(2)\(Q U oo) has exactly 3
orbits, we obtain (iv).

Lemma 10.11. Let = = /ey and w = goey 2. Then w = 4(2® + x + 1),
dp= (12— w)/(w — 3), and

(10.33) J=w3(w —3)"Hw—12)72

PROOF. Since €3 = —&1 — €2, from (10.32) we obtain

(e2—e1)(2e2+e)  (1-2)2+2z)  2—z-—2?
N (261 +e9)2 o (2z+ 12 da?4dr+ 1
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On the other hand, by (10.22b) we have w = —4(e2e3 + €361 + 5152)652 =
4(e?+ereated)ey? = 4(x?+a+1), and so —4u = (w—12)/(w —3). Substituting
this into the equality J = 4(u + 1)3/(27u2), we obtain (10.33).
Notice that (10.33) holds for w = 20E4e, 2%, v =1, 2, 3, as I'(1) permutes the
£, Also, the equality 4y = (12 — w)/(w — 3) shows that 4 (I5(2)) = C(gae5?).
In the following theorem, for a subfield R of C and functions f1, ..., f,, the
symbol R[f1, ..., f.] denotes the ring generated by R and fi, ..., f..

Theorem 10.12. Let I' be a congruence subgroup of SLao(Z); suppose that
M(I") =Clfr, ..., fu] with f, € 4, (Q). Then

S QT =Qlfr. - f):
k=0

PROOF. Put ¢, = f{* -+ fu* for a = (a1, ..., a,) with nonnegative integers
a;. Then we can find a C-basis of 9M(I") consisting of such ¢,. Thus, given h €
M1 (Q, I') with any k, we can put h = c,pq with ¢, € C. Clearly ¢, # 0
only when k = a1k1 + -+ + ayk,. By Theorem 1.9, all such ¢, and h cannot
be linearly independent over Q. Therefore h € Q[f1, ..., f.] as expected.

10.13. We apply the above theorem to the group I'=1I,=a 117 (N)a with
3< N <6and o€ I'(1). We have M(I'1(N)) = Clg, ¢], where

F5(z; 0, 1/3) (N =3),
¢(2) = F1(2 0, 1/N),  #(z) = Fa(3 0, 1/4) (N =4),
Fi(z; 0, 2/N) (N =5 or 6).
We have shown this in §10.7 for N = 3 and in §10.8 for N = 4. The case N =5
or 6 can be proved in the same way. Therefore EDT(I“Q) = Clpa, Pa), where
FB(Z; Ca/37 da/3) (N = 3)a
0a(2)=F1(2; co/N, do/N), o(2)=< Fa(2; ca/4, do/4) (N =4),
Fi(z; 2¢o/N, 2do,/N) (N =5 or 6).
Lemma 10.14. The functions Fy(z; co/N, do/N) and F]EN)(Z; ¢a/N, do/N)
defined for N and « as above belong to Qlpa, Va)-

0 -1
1 0

Fy(z; ¢,/N, d,/N) = Fy(z; 1/N, 0).

PRrROOF. First take a to be ¢ = [ } . Then

We observe that this function, as well as ¢,, 1,, and FIEN) (z; 1/N, 0), have ratio-
nal Fourier coefficients at co. Thus Theorem 10.12 shows that > ;- , .#%(Q, I)
= Qlp., ©.]- This proves our assertion when « = . Transforming this by ¢~ 1a,

we obtain the desired result for an arbitrary «.
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It should be noted that the functions of the above lemma do not necessarily

belong to .1 (Q).

10.15. Let us now discuss a case in which 9¥(I") requires more than two
generators. We take a real Dirichlet character x of conductor 7, that is, x(a) =
(_77), and put

(10.34) I'={yely(7)]|x(d,) =1}
Then IH(7) = {£1}I". By means of the general principles explained in §1.11 we
can easily verify that for every k € Z, > 0,

(10.35) dim (') = 2[k/3] + 1, dim.7,(I") = Max(2[k/3] — 1, 0).
Using the notation of (9.10a, b) with N = 7, we put

(10.36) oi(2) = ¢, (2), Yr(z) = gpf;’x(h') (0<k—-1¢€27Z).
By (9.11e, f) both ¢ and vy, belong to 4 (I"). Let us now prove

(10.37h) S #4(Q. T) = Qlpr, g3, d).
k=0

From (9.11a, b) we see that ¢k, ¥ € #(Q), and so (10.37b) follows from
(10.37a) and Theorem 10.12.

To prove (10.37a), we first observe that .#1(I") = Cpy and .#5(I") = Cy3,
as these spaces are one-dimensional. Next, for £ = 3v +a with v > 0 and
0 <a <2 we have dim .#(I') = dim .#3,(I"), and so A, (I") = p§.4 3,(I').
Thus it is sufficient to show that .#5,(I") C Clp1, s, ¥3]. Now the cusps of I'
are represented by co and 0. From (9.11a, b, ¢) we see that 3 is nonzero at oo
and 0 at 0, while 15 is 0 at co and nonzero at 0. Therefore given f € .#5,(I"),
we can find a, b € C such that f — apf — by € .5, (I"). Thus our task is to
show that .3, (I") C Cle1, ¥3, ¥3], which we do by induction on v. We have
dim .3(I") = 1, and if we put

(10.38) h = (32/3)¢f + (7/6)¢s — (49/6)¢s,
we easily find that this is a cusp form; in fact, h(z) = [A(z)A(?z)]l/S, as can
easily be verified. Therefore .#5(I") = Ch. Since dim .3, 4+5(I") = dim .43, (I"),

we see that Z3,43(I") = ho#3,(I"), which gives the desired fact by induction,
and the proof of (10.37a) is complete.

11. Recurrence formulas for the critical
values of certain Dirichlet series

11.1. In this section we prove several recurrence formulas for the values of
elementary Dirichlet series at integers. We first consider Df, y(s) of (3.11). For
O<k€Zand0§a<NdeﬁneVa’fN by
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(11.1a) Vin =¢4/(C* =1, ¢ =e(1/N),
DY (k)  (0<ke2Z),

a7

(11.1b)  Viy = (2mi) " (k - 1)IN* - {DQ,N(’V) (0<k—1¢€27).

Then we have, by (4.10a, b),
(11.2) Vin =P =D (0<keZ),

where we understand that P; = 1. By (2.20) we find that these Va’f N satisfy a

recurrence formula
n—1

a _ n
(11.3) A (GRS Z (k> Vs
k=0

Similarly, substituting a/N for ¢ in (4.8b) and employing (4.13), we can state
a recurrence formula for Dy y(r + 1 — 2m). Also we remind the reader of the
recurrence formulas for L(k, x) given in Theorem 4.15.

Now the constant term of Fj,(z; 0, ¢/N) is (—1)qu’fN if k> 2,and 12*1+Vq27N
if k = 2. Therefore, putting simply

(11.4) Cp = (~)FVEy  (0<ke2Z),
and fixing (¢, N), we obtain, from (10.15¢),

(11.5) Cn+5 = Cn+3 + 122 (Z) Ca+3Cn_a+2 (n > O)
a=0

The value C}, can be given by (11.2), but once Cs, Cs, and Cy4 are determined,
C, for larger k can easily be obtained from (11.5); for instance, C5 = C5(12C, +
1), Cs = C4(12C5 + 1) + 12C3, C7 = C5(12C3 + 1) + 36C3Cy. Equality (11.5)
shows that (2.21) holds for z = {; = e(¢/N) whenever 0 < ¢ < N. Therefore we
obtain (2.21).

In the easiest case with NV = 2 and g = 1 we have C}, # 0 only for even k.
From (4.18a) and (4.25) we see that Cy, = (1 — 2¥) By, /k. Thus putting

(11.6) Aj, = (1—25)By/k,
we obtain, for 0 < n —1 € 27Z,
(n+1)/2 n

(11.7) Apys = Apyz +12 Z <2b _ 1) Agpr2Ani3z—2p

b=1
Also, from (4.3b) and (4.40) we obtain

1< n
(11.8) AnH:?Z(k_l)Ak (0<nez),
k=1

where Ay =1/2 and Ay, =0 for 0 < k —1 € 2Z.
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11.2. Next let d denote 3 or 4, and pg the primitive Dirichlet character
modulo d. We then consider Dy ;(k) for k—r € 2Z. For r = 0 the series is given
in (4.18a,b); also we easily see that Df 4(s) = L(s, pta). Therefore Cj, in this case
is given by

(=2mi) " Rd* T (k)L(k, pa) (0 <k —1€2Z),
(11.9) Cr =% 2mi)FrE)3* —1)¢(k) (0<ke2Z,d=3),
(2mi) "k r(k)2k(2F —1)¢(k) (0<k€2Z,d=4).

Thus (11.5) holds for these two sets of {C\}. In particular, if d = 4, then Cy,
is a rational number times Bs,, and Cs, 1 is a rational number times the Euler
number E1 2, as shown in (4.38). Therefore (11.5) in this case produces two types
of recurrence formulas (depending on the parity of n) involving both Bernoulli
and Euler numbers.

11.3. Comparing the constant terms on both sides of (10.8), from (9.8) and
(9.8a) we obtain

(1110)  (n—3)dn2—1)¢(2n) =6 Y (2r—1)(2s—1)((2r)¢(2s)  (n > 4),

r4+s=n
|Ban| 3 (2n —2)! | Bay| | Bas|
11.11 —3)(2 1)——— == :
( ) (n=3)2n+1) n 2T+28;n 2r—2)!1(2s=2)! r s

(n>4).

Here, as well as in the following (11.12), (r, s) runs over the ordered pairs of
integers > 2 such that r + s = n. Similarly, comparing the coefficients of the
terms of (10.8) involving e(z), we obtain, for n > 4,

(n—3 2n+1 m — 2)! _17'BT
) %: 2 (2r£2)!(2s)—2)!{( e

S

it 2r 2s

Various recurrence formulas for Bs, were obtained by Ramanujan [Ram], but
they do not seem to include (11.7), (11.8), (11.11), or (11.12).



CHAPTER V

CRITICAL VALUES OF DIRICHLET SERIES
ASSOCIATED WITH IMAGINARY QUADRATIC FIELDS

12. The singular values of nearly holomorphic forms

12.1. Throughout the rest of the book (except in Section 15) we denote by K
an imaginary quadratic field embedded in C, by t the maximal order of K, and
by p the restriction of complex conjugation to K. For 0 > a € R we understand
that /a = i\/m . We also denote by K, the maximal abelian extension of K
in C. We first note that every element of K N H is an elliptic fixed point of an
element of GL3(Q). Indeed, for s € K, multiplication by s on K is a Q-linear
endomorphism of K. Take 7 € KN H and denote by ¢(s) the element of M>(Q)
that represents this endomorphism with respect to the basis {7, 1}. Then

(12.1) m s = q(s) m

Clearly ¢ gives an injection of K into M3(Q). If 8 = ¢(s) with s € K*,
then det(8) = ss? > 0, and from (1.3) and (12.1) we see that [(7) = 7 and
js(T) = s/|s|. Moreover, we have

(12.1a) qK*)={aeGy|alr) =1}

To see this, we first observe that the group {o € Gay. | a(z) = 2} is commutative
for every fixed z € H, as we easily see from (1.3) that the map o — ¢,z + d,
sends the group injectively into C*. Now we have seen that the right-hand side of
(12.1a) contains the left-hand side. Take o € G such that «a(7) = 7; take also
an element s of K* not contained in Q and put 8 = ¢(s). Then af = fa, as the
right-hand side of (12.1a) is commutative. It is well known that the commutator
of ¢(K) in M2(Q) is q(K) itself, and so o € ¢(K*), which proves (12.1a).
Next, we have a basic theorem about the values of the elements of 4% (Q.p)
at the points of K N H. Before stating it, we make a simple observation. Given
7 € KN H, take @ € G, not contained in Qls, such that «(7) = 7 and
put & = jo(7). Then x% € K. Indeed, if a = q(s), then x? = s/s”. Given
© € My such that ¢(1) # 0, put 1 = (¢||xa)/¢. Then (1) = k~*. Applying

79
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Dy, to the equality ¢||ra = @1, we obtain, by (8.8) and (8.9), (Dr¢)|k+20x =
YD+ - (2mi) "1’ where 1" = dip/dz. Evaluating this at z = 7, we find that

(12.2) (¢~ ' D) (1) = (572 = )71 (2m) 1 (@' /4) (7).
Notice that k2 # 1, as a ¢ Qls.

Now for every h € 2% (Q,p) that is finite at 7, the value h(7) belongs to Kyp.
This is a fundamental fact of complex multiplication; see [S71, Chapter 5] and
[S98]. Therefore, if f, g € M 1,(Qap) and g(7) # 0, then f(7)/g(7) € Kap. This
can be generalized as follows.

Theorem 12.2. (i) Let 7,72 € KN H and f € Nn(Qap); let g be an
element of <y, (Qap) such that g(m2) # 0, co. Then f(11)/g9(2) € Kap.

(ii) Let ¢ € N%(Qap) and m =k + 2p with 0 < p € Z. Then for 7, and g
as in (i) we have (Do) (11)/9(m2) € Kap.

PROOF. Clearly (i) implies (ii), as DYy € 45,(Qap); see Lemma 8.3 (i). We
have 71 = a4+ b with a, b € Q. Put h(z) = f(az+0b). Then h € A4,,(Qap) by
Lemma 8.3 (iv), and f(m1)/g(72) = h(72)/g(72). This means that it is sufficient
to prove (i) and also (ii) when 71 = 75. Thus we write hereafter 7 for both 7 and
To. We first prove (ii) for p =1 and ¢ € #. It is sufficient to prove the case
where (1) # 0. Indeed, suppose (1) = 0. As noted above, we can find ¢; €
M 1,(Q) such that 1(7) # 0. Put then ¢2 = ¢ + 1. Then (1) # 0, and our
assertion on (Dyp)(7)/g(7) follows from that on (Dyp,)(7)/g(7) for v =1, 2.
Thus, assuming that (1) # 0, put ¥ = (p||ra)/¢ asin §12.1. Then we obtain
(12.2). Since ¢||ra € #:(Qab) by Theorem 1.5, we see that ¢ € @ (Quap), and
so (2mi) ") € 4 (Qab). By (12.2) we have (Drgp/g)(1) = (k7% = 1) {(¢/g) -
(2mi) =L’ /ib} (1), which belongs to Kap, as (p/g) - (2mi) "1 /1 € (Qap)-
This proves (ii) for p = 1 and ¢ € #. Now —24FEy = A~1D3A by (8.18).
Let r be an element of .#Z5(Q) such that r(7) # 0. Then —24(Es2/r)(r) =
{D124/(rA)}(7) € Kap by the result just proved. Let f and g be as in (i). By
Lemma 8.3 (ii), f = Zogagkm hoES with h, € M —24(Qap). For 7 € K N H,
take r as above. The (f/g)(7) = >, (E2/r)*(17)(r%ha/g)(T) € Kap. This proves
(i) and completes the proof.

As the above proof shows, f(7)/g(7) for f € A (Qap) and g € 4, (Qab)
can be reduced to the case where f € .#,, or f = E,. Thus it is important
to investigate the value (Eq/r)(7) for r € .#2(Qap) such that r(7) # 0. More
specifically we ask the following question:

Given T, is there any canonical choice of r such that the value (Es/7)(T) can
be determined explicitly?

The rest of this section is devoted to an answer to this question.

Lemma 12.3. (i) Given a € G4, put I, = o 'I'(1)anNI'(1) and define a
function g, on H by



12. SINGULAR VALUES OF NEARLY HOLOMORPHIC FORMS 81

(12.3a) Jo = Ez|2a — By

with Ey of (8.17). Then g, is an Fisenstein series belonging to . o (Qab, Fa),
and

(12.3b) 24g, = (2mi)"p~tdp/dz, p = (A|120)7 A,

where A is as in (1.12). Moreover, put hp,, = 24g, when o = diag[l, m]
with 1 < m € Z. Then Iy = I'°(m), hy, is an Eisenstein series belonging

to %Q(Q,Fo(m)), and
(12.4a) hm(z) = (24/m)Ea(z/m) — 24E5(2),
(12.4b) Bynn(2) = hy(2) + 7 hy, (2/n) (I1<nelZ).

In particular, if m is a prime number, h,, is uniquely determined as an Eisen-
stein series belonging to 4 +(I'°(m)) whose Fourier expansion at oo has (m —
1)/m as its constant term. For m = 2, using the notation of (10.10a) and
(10.21), we have

(12.5) ho(z) = 6e1(z) =6f(2; 1/2, 0).

Proor. Clearly gu|l2y = go for every ~ € I,. By Lemma 8.3 (iv), g, €
N3(Qab). We have Ey = (87y)~! + ¢ with a holomorphic function g¢. Since
yoa = |jo| %y, we have Esllza = (87y)~1j,j5" + ¢llac. The term involving
(87y)~! can easily be seen to be (87y)~! plus a holomorphic function, and so
Ja is holomorphic. Also Fs is orthogonal to .5, and so g, is an Eisenstein series

belonging to .# o (Qab, Fa). Next, —24F3 A = D12 A by (8.18), and so, by (8.8),
(*) — 24(Es||20)(All1200) = (D124) 14 = D12 (Al|1200).

With p as in (12.3b), we have A = (A|l;2a)p. Therefore by (8.9), D12 A =
D12(A|l120)p +(A]|120) Dop. Thus, dividing this by A = (A|12a)p, we obtain
—24F5 = A_1D12A = (A”lza)_lDlQ(AHlQOé) +p_1D0p. This combined with
(%) proves (12.3b). If a = diag[l, m], then clearly I, = I'°(m), and we obtain
(12.4a), and so h,, € 4 2(Q). Formula (12.4b) follows immediately from (12.4a).
If m is a prime number, then the number of inequivalent cusps of I'%(m) is 2,
and so the space of Eisenstein series contained in .#5(I"°(m)) is one-dimensional,
as can be seen from [S71, Theorems 2.23 and 2.24]. The expansion of h,, at oo
can easily be described, and we obtain (m — 1)/m as its constant term. As for
(12.5), we observe that &1 of (10.21) belongs to .#5(I'°(2)). Therefore we obtain
(12.5) by comparing the constant terms.

Theorem 12.4. (i) Let 7 € KN H as in §12.1, and let o be an element of
Gy such that a(T7) =7 and o ¢ Qla. Define go by (12.3a) and put k = jo (7).
Then k% # 1 and

(12.6a) Es(1) = (k72 = 1) ga(7).
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(ii) Let m and a be integers such that m > 1 and a® < 4m; let T be the root
of the equation 72 —at+m = 0 belonging to H, that is, T = (a++va% —4m)/2.
Define h,, by (12.4a). Then

(12.6b) 24F5(7) = (4m — a®) (a1 — 2m)hy, (7).

Moreover, Eo(T) = 0 for such a T if and only if 4m — a® = 3 or 4, that is, if
and only if T—(1++/—3)/2 € Z or 7 —+/—1 € Z. Consequently both Es(T) and
hm(T) are nonzero in all the remaining cases.

PRrROOF. Evaluating (12.3a) at z = 7, we obtain (12.6a). In §12.1 we have

a —m
1 0 . Then

a(t) =7 and Ea(a(z)) = Ea(a —mz~') = Ex(— (2/m)~1) = (2/m)?Ea(z/m),
and so we obtain (Es|l2)(2) = m~1Ey(2/m). Thus 24g, coincides with h,,
of (12.4a). Therefore (12.6a) shows that 24Es(7) = (k™2 — 1) hy,(7) with
k= ja(T) =m Y%7 Since 1—ar~'4+m7 2 =0,wehave K 2—1=m7 2—1=
ar™! — 2. Thus (x72 —1)7 = 7/(a — 27) = 7(a — 27)/[(a — 27)(a — 27)] =
(ar — 2m)/(4m — a?), which gives (12.6b). To prove the second part of (ii),
we first observe that F5({) = 0 for ( = i and ¢ = e(¢/6) with ¢ = 1 or 2.
(Indeed, define g by (12.1) with ¢ as 7 and put & = ¢(¢). Then ¢(¢) = ¢ and
§e(¢) = ¢, and so E3(¢) = (El]2e)(¢) = (2E5(¢).) Next, denote by S the last
sum of (8.17) and put ¢ = e~ >™. Then S =Y~ nq"/(1 —q") with q = e(z),
and so |S| < Y07 nt"/(1—t) =t/(1—t)®. Suppose y > 1.1; then we easily find
that ¢ < 0.001 and 24~ — (87y)~! > 0.005, and so E»(z) # 0 if y > 1.1. Thus,
for 7 as above, Fa(7) = 0 only if 4m — a? < 2.22, that is, 0 < 4m — a? < 4, as
4m — a? is a positive integer. Now 4m = a? + n for 0 < n < 4 is possible only
for n =3 or 4. If n =3, then 7 = (a ++/—3)/2 and a is odd, and so, putting
¢ =(1++v=3)/2, we see that 7 —( € Z, and so Fa(7) = E2(¢) = 0. Similarly, if
n =4, then a is even and 7 —i € Z, and so Ey(7) = E»(i) = 0. This completes
the proof.

already seen that x% # 1. With m and a as in (ii), put o =

12.5. To state an easy example of (12.6b), take an arbitrary positive integer
d. Then from (12.6b) with a =0 and m = d we obtain

(12.7) 24F5(vV—d) = (=1/2)hq(v/—d).

As another example, let 7 = (1 4+ +/—d)/2 with a positive integer d such that
d+1 € 4Z and let m = (d+ 1)/4. Then (12.6b) gives

(12.8) 24E5(7) = d=1 (1 — 2m) o (7).

Let K = Q(v/—dp ) with a squarefree positive integer dy, and let 6 = +/—dy
if dg+1¢ 4Z, and let 6 = (1 ++/—dy)/2 if dy + 1 € 4Z. Then the maximal
order v of K is given by v = Z6#+Z. Thus (12.7) or (12.8) is applicable to F»(8).
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It should be noted that F5(f) can be expressed in more than one way. For
instance, assuming that do + 1 ¢ 4Z, take a = 2 and m = dy + 1. Then 7 of
Theorem 12.4 equals 1 + v/—dy. Then for 6 = +/—dy we have

(128&) 24E2(0) = 24E2(0 + 1) = (2d0)71(0 — do)hd0+1(1 + 0)

This expression is different from (12.7).

Since there are nonprincipal ideals in K, it is natural to consider Fy(a/3)
when Za + Z is a fractional ideal in K. To determine such a value, we first
prove

Lemma 12.6. Let o be an element of v such that v = Zo + Z. Given an
integral ideal ¢ in K, put {n € Z|no € t+Z} = eZ with 0 < e € Z and
a=e !tr. Then a is an integral ideal and there exists an integer b such that

(12.9) a=Z(oc+b)+Zr, r=N(a), r|(c+b)(c”+D).

Moreover, If ¢ s an integral ideal prime to r such that v = Z + ¢, then b can
be taken so that o +b € c.

PrOOF. Take e as above for a given ¢ and put tNZ = aZ with 0 < a € Z;
take s € Z sothat ec+s €. If t = fo+g € ¢ with f, g € Z, then e|f. Putting
f = eh, we see that t — h(eoc + s) € t NZ = aZ. From this we can conclude
that t = Z(eo + s) + Za. Put 0% = ko + ¢ with k, { € Z. Since or C ¢ we
have o(eoc + s) € ¢, and so (s + ek)o € r + Z. Thus e|s. Similarly ca € r, and
so e|a. Therefore a = e~y = Z(0 + b) + Zr with b= s/e and r = a/e. Since
t=Z(o+b)+Z, we have N(a) = [t: a] = r, and so r divides (6+b)(c”+b). This
proves the first part. To prove the remaining part, take ¢ as g. Since t = ¢+ Z,
we have e = 1, and so ¢ = Z(0 + d) + Zm with d € Z and m = N(c). Since
r is prime to m, we can put d —b = mt + ru with ¢, w € Z. Put b = b+ ru.
Then a =Z(oc +bV')+ Zr and o+ € c. This completes the proof.

12.7. Take 6 of §12.5 as ¢ of Lemma 12.6; then every ideal class is repre-
sented by an ideal of the form a = Z(6 + b) + Zr with b € Z and r = N(a).
Thus our task is to find F5((6 + b)/r). Taking m of (12.4a) to be r, we obtain
(24/1)Ea((0 + b) /1) = 24E5(0 + b) + h,(60 + b) = 24F5(0) + h,.(0 + b). Thus
24E5((0 +b)/r)  24E5(0)  h,.(0 + D)

rhim,(0)  hm(0) hm(0)
where m = (dg +1)/4 if dy + 1 € 4Z and m = dy otherwise. The first quantity
on the right-hand side is given by (12.7) or (12.8); the second quantity is the
value of a modular function h,(z 4+ b)/h,(2) at z = 0.

In Theorem A5.4 (v) of the Appendix we will investigate the behavior of a
quantity of the type f(7)/g(7) under Gal(Ka,/K) for 7 € KNH, f € 4%(Qab),
and g € #,(Qap). In particular, we will show in Theorem A5.6 that when these
functions are Q-rational and of level 1, then the value behaves like J(7).

(12.10)
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12.8. In Lemma 12.3 and Theorem 12.4 we considered modular forms with
respect to I'°(m). We can of course transform them to those with respect to
I'v(m) by putting

(12.11) b (2) = hyp(—271)272,
Then ¢, is an Eisenstein series belonging to .45 (Io(m)), and satisfies
(12.12) U (2) = 24mE5(mz) — 24E5(2),

which follows immediately from (12.4a). However, this does not produce any
formula better than (12.6b), which is why we formulated our results in terms of
hum. In any case, from (12.4a) and (12.12) we obtain ¢,,(z) = —mh,,(mz), and
so h,, satisfies

(12.13) — mhy (—mzH272 = hy(2).

1

If 7 is as in Theorem 12.4, then m7~' =7, and so by Lemma 1.6 (v) we obtain,

excluding the cases in which F5(7) = 0 as described in Theorem 12.4,

(12.14) hon(T) /B (T) = =72 /m = —7 /7.

13. The critical values of L-functions of an imaginary quadratic field

13.1. In Section 4 we discussed the values of the series
Z m =k |m| 2 0<keZ).
0#meq+NZ
If x is a Dirichlet character modulo N such that y(—1) = (—1)*, then L(k, x)
is a linear combination of such values. These values are 7% times numbers of
Q.b, and we stated various formulas for them in Theorems 4.7, 4.9, 4.12, 4.14,
4.16, 6.3, and 6.6. We also obtained recurrence formulas for these cyclotomic
numbers in Theorem 4.15 and Section 11.

In this section we investigate analogues of these by considering the special
values of the series introduced in §7.1. Thus we take the symbols K, ¢, and p
as in §§7.1 and 12.1. Fixing a Z-lattice b in K and o € K, put a+b={£ €
K|¢—ae€b} and
(13.1) L'(s;a, b) = > &g (0<veZ),

0#6€a+b
where s is a complex variable as usual. In Theorem 7.3 we proved some analytic
properties of this function. Since we assume v > 0 in this section, that theorem
shows that our function of (13.1) can be continued to an entire function. Now
we have

Theorem 13.2. Let k be an integer such that 2—v < k < v and v—k € 27Z.
Let o € KN H and let g be an element of 4 ,(Qap) such that g(o) # 0. Then
L¥(k/2; a, b) € 7 HR)/2g(0) Ky,
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PROOF. Put bNQ = cZ with ¢ € Q*. Then b/cZ is torsionfree. Replacing
(e, b) by (¢ ta, ¢71b), we can reduce our problem to the case where b = Z7+Z
with 7 € K. Changing 7 for —7 if necessary, we may assume that 7 € H. Take
a positive integer NV so that Na € b and put Na = pr + g with p, ¢ € Z. Then
we easily see that

(13.2) Im(7)*"/2N=25L"(s; o, b) = €N (1, s — v/2; p, q).
Given k as in our theorem, put n = (v —%k)/2. Then n € Z, 0 <n <wv -1, and
(13.2a) LY(k/2; a, b) = Im(T)"N*&Y (1, —n; p, q).

By Theorem 9.6 (iii), ¢Y (2, —n; p, ¢) belongs to 7 ~".4,(Quap). Therefore our
assertion follows from Theorem 12.2 (i).

13.3. Our next problem is to find an explicit expression for the algebraic
number 7~ WFR)/2LV(k/2; o, b)/g(co) with a suitable choice of g(c) in the same
sense as in Theorem 12.4. There is no clear-cut answer, but in many cases we
can find a basic constant, and once we determine the values of L” (k/2; «, b) for
a finite number of (k, v), then the value for a more general (k, v) can be reduced
to those finitely many values by means of a recurrence formula, provided & > 0.
(Here (a, b) is fixed.)

To be explicit, suppose b = Z7 + Z with € KN H and Na=pr+qg€b
as in the proof of Theorem 13.2; suppose also 0 < k < v and v — k € 2Z; put
n=(v—k)/2, and

(13.3) £, b) = (=1)*2mi)~* "I (k +n)L"(k/2; a, b)
2(2))"Im(7)" (D3 Es)(t) if k=2 and a ¢ b,
10 otherwise.
Then, assuming that « ¢ b, from (9.12), (10.10b, d), (10.13), and (13.2a) we
obtain
(13.4) £ (e, b) = (20)"Im(7)"* D} Fy(7; p/N, q/N).
Take g € .#1(Q) so that g(r) # 0. By Theorem 12.2 (ii), £2(«, b)g(r) k=2

belongs to K,1,. Now, multiplying (10.17) by (2i)"Im(7)"g(7)~2"~"~5, we obtain
a recurrence formula

£T+5 a, b) £f+3(a, by £ f+2(a, b)
(13.5) g(r)2n+r+s 122( >Z( )g( )25+i+3 : g(r)2n—2i+r—i+2

for 0 <r e€Zand 0 <n € Z, provided a ¢ b. By means of this formula the
values of £1(a, b)g(7)"¥=2" for k > 4 can be reduced inductively to those for
2<k<4.

Next let us consider the case « € b. Clearly we can replace « by 0, and take
N = 1. Thus
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(13.6) £2(0, b) = (20)"Im(7)"(DFE)(r) (0 < k € 2Z).

Applying DJ* to (10.8), using (8.9), and evaluating the result at z = 7, we can
state a recurrence formula for £7(0, b) as follows:

(n—3)2n+1) ., o~ (m £5,(0, b)£5.7(0, b)
(13.62) 6an —oy (0 0) = ; ( t ) 2 (2r —2)I(2s —2)!

T,

where (r, s) is the same as in (10.8).

13.4. Returning to the original question about L"(k/2; o, b), we need to
know (D% E5)(7) in addition to £} (c, b). This question can be settled as follows.
By (9.9a, b, ¢, d) and (10.8) we can find an expression for D F5 as a polynomial
of Ey, E4, and Fg. Then the question can be reduced to their values at 7. The
value Eo(7) can be determined by Theorem 12.4. As for E4(7) and Fs(7),
they are essentially the parameters ¢g» and gs associated to the curve Y2 =
4X3 — g2 X — g3 isomorphic to C/b, and obviously there is no general rule. We
will compute Ey(7)g(7)~% for k = 4, 6 in several examples we consider later.

In §13.3 we considered only the case 0 < k < v. Suppose now 2 —v < k < 0.
Taking k of (9.17b) to be v and combining the result with (13.2a), we obtain

(13.7) L¥(k/2; o, b) = Im(7)"N* (v — n) =Y (—4m)m D &N (7, 1 — h; p, q),

where n= (v —k)/2, m = (v+k —2)/2, and h =2 — k. Thus the problem can
be reduced to the function of (9.14), but there is no recurrence formula for such.

There is another way to deal with the case 2—v < k < 0. Put {=2—Fk and
take r =v and s =¢/2 in (7.8). Then

ﬂ_(k+”)/2L”(lc/2; a, b) = MZe(2_1’ITK/Q(ﬁa))7T_(£+”)/2L”(5/2; G, a),

B

where M = I'(((41)/2) (14 (v —£)/2) "'d(b)~Y/2i~* and (3, a) is as in (7.8).
Since 2 < ¢ < v, our result of §13.3 is applicable to L”(¢/2; 3, a).

13.5. We now fix an integral ideal ¢ and a nonzero integer v, and consider
a primitive or an imprimitive Hecke ideal character A of K defined for the
fractional ideals prime to ¢ such that

(13.8) Mat)=a o) if aeK* and a—-1lec

(This corresponds to a character A* of K5 /K> such that \*(x) = z¥|z|™" for
z in the archimedean completion of K.) Such a A exists only if (¥ =1 for every
root of unity ¢ such that ¢ — 1 € ¢. Given such a A, we easily see that there
exists a character Ag of (t/¢)* such that

(13.9) Aar) = Ao(a)a™?|a|” for every a € t prime to c.
Clearly \o(g) = e for every e € v*. We define the L-function L(s, A) by
L(s, A) = > 2g A@)N(a) ™7,
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where a runs over all the integral ideals in K prime to c. If ¢ is the conductor
of A, then the functional equation for L(s, A) can be stated as follows:

R(s, A) := |Dg N (c)|*/2(2m) =M/~ P((s + (|v]/2)) L(s, A)
= WOR(L - s, \).

Here Dy denotes the discriminant of K, and W (\) is an algebraic number of
absolute value 1. Also, R(s, A) is an entire function. As to the explicit form
of W()) in terms of a generalized Gauss sum, the reader is referred to [S97,
Theorem A6.3, formulas (A6.3.7) and (A6.3.8)].

Hereafter we assume that v > 0. (The case with negative v can be reduced
to this type by considering \.) For our problems it is practical and even advan-
tageous not to assume that A is primitive.

Let A be a complete set of representatives, consisting of integral ideals prime
to ¢, for the ideal classes of K. Take a positive integer m such that ¢NZ = mZ.
Since every integral ideal can be given in the form aa™! with a € a N K, we
have

(13.10)  wL(s, \) = > Aa ")N(a)* > Aar)al

acA 0#£aca
=) A@HN@T D X D aVal ™,
acA £€a/ma 0#acé+ma

where w is the number of roots of unity in K and we put Ag(§) = 0 for £ not
prime to ¢. The last sum over nonzero « € £+ma can be written L”(s; £, ma).

Now the basic result on the algebraicity of the special values of L(s, A\) can
be stated as follows:

Theorem 13.6. Let k be an integer such that 2—v < k <v and v—k € 27Z.

Let 7 € KN H and let h be an element of A, (Q) such that h(7) # 0. Then
L(k/2, \) is an algebraic number times =@ +R)/2h(1).

PROOF. From (13.10) we see that L(k/2, \) is a Q-linear combination of
the quantitites of the type L”(k/2; &, ma), and therefore our theorem follows
immediately from Theorem 13.2.

13.7. As an easy example let us discuss the case in which K = Q(¢) and
¢ = (1+14)%. We have Ex(i) = i* Ex(i), and therefore

(13.11) Ey(i)=0 if 0<k—2ed4Z

Since (t/c)* can be represented by t*, every integral ideal prime to ¢ is of the
form ot with a unique «a such that o — 1 € ¢. Thus there exists a unique
character A\ of conductor ¢ such that

(13.12) AMar) =a Mol if a—1l€c



88 V. DIRICHLET SERIES OF IMAGINARY QUADRATIC FIELDS

We have therefore

(13.13) L(s, W) =L"(s; 1, ¢) =Y (1+B) 7|1+ 8" *.
Bec
Now (1+4)c=4r, and so (1 +4)(1+4c¢) =14 ¢+ 4r. Thus

(13.14) (14+d)7720/2=5L(s, \¥) = &4(i, s —v/2; 1, 1).

Given k € Z such that 2—v <k <vand v—k € 2Z, put n = (v —k)/2. Then

(13.14a) L(k/2, \) = (1+ )27 "€4(i, —n; 1, 1).

Notice that

(13.14b) 0<k<v <= 0<n<v/2; 2—-v<k<0<= v/2<n<v-1L1

Now &2(i, —n; 1, 1) can be given by (10.28). Therefore we obtain

(13.15)  L(k/2, \V) = (1 —i)’a+R20 (v + k) /2)
2 =SR2 DR Er (i 1/4, 1/4) if k>0,
pwtk=/2pm W (i:1/4,1/4) if k<O0.

Here Fj) = F, if k#2 and Fy = Zo;m= (v +k—2)/2.

13.8. Let us now compute L(k/2, \¥) numerically. The functions F}(z; 1/4,
1/4) and F,§4)(z; 1/4, 1/4) belong to the group I of §10.7, and so we denote
the functions defined with (a, b) = (1/4, 1/4) simply by Fj, %, and F,§4).

If wy/wy =z =1, we have p(iu) = —p(u), and so e; = —e; and ez = 0. Thus
e3(i) = 0 and &1(i)? = 2(i)? = 5F4(4) by (10.22b). Therefore, from (10.26a, b,
¢, d) and (10.27a) we obtain
(13.16)  Fy(i) = Fo(i) = 2F1(4)%,  F3(i)/F1(i)* =8, Fu(i)/Fi(i)* = 32,

Ei(i)/Fi(i)* = —4/5, FyY(i)/F1(i)* = 16.
Using these, we obtain the values F},(i)/Fy(i)* for k > 5 from (10.15c). Sim-
ilarly (D"Ey)(i)F1(i)~%=2" and (D2 F})(i)F1(i)~%~2" can be obtained induc-
tively from (9.9a, b, ¢, d), (10.26¢, f, g), and (10.17). These are all rational num-

bers. The same can be said about (DZF]E4))(i)F1 (i)~*=2" by virtue of Lemma
10.14. For instance,

(13.17) (D1F2)())=2F1(i)%, (Dag3)(i)=FF1(0)*, (D2F2)(i) =5 F1(i)*,
(D3 F3)(i)=16Fy(i)°, (DsF5)(i)=2"-TF1(i)7, (D2E>)(i)==2F1(i)*.
By (13.15), we can conclude that L(k/2, \*) is (1 — i)*7*+F)/2F ()" times a

rational number that is computable. If k > 0, the recurrence formula (13.5) is
applicable. For example,

(13.18) L(1/2, \)=2"*(1 —i)nF1 (i), L(5/2, A7) = (7/15)(1 — i) "xCFy(i)7,
L(—1/2, \°) = =32(1 — 4)>72 Fy (i)°.

1
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To obtain the last quantity, we apply D3 to (10.27a).

13.9. We can express such results in terms of the period of an elliptic integral.
We have w; = iws, go = 46%, and g3 = 0, as e3 = 0. Let w denote the
special choice of wy for which e; = 1. In other words, we take w so that
(27i/w)?e9(i) = 1. Then gy = 4, and so, using the symbol of (10.4e), we have

(13.19) Cliw, w) : Y2 =4X3-4X
as the corresponding elliptic curve. Thus, from (10.20) we obtain

o dx Voda
13.20 w=2 —_— =2 —_—.
( ) /1 Vidzs — 4z /0 V1—azt
Now 4w? = gow? = (27)*ga(i) = 20(27)*E4(4), and so
(13.21) (27 /w3 E4(i) = 1/5.

Since E4(i)/F1(i)* = —4/5, we obtain (2r/w)*Fy(i)* = —1/4, and so Fy (i) is
(4m)7Y(1 4+ i)w times a fourth root of unity. From the Fourier expansion of
Fi(z; 1/4,1/4) we easily see that Re(Fy(i)) and Im(Fi(i)) are both positive.
Thus we can conclude that

(13.22) w=2m(1 —i)Fy(i; 1/4, 1/4) = 4L(1/2, \).

Consequently, L(k/2, \*) is 7(F=%)/2,¥ times a rational number that is com-
putable.

It is also natural to compare w with Fj(i; 1/4, 0) and Fy(é; 0, 1/4). Putting
z =1 in (9.3c), we obtain iF;(i; 1/4, 0)=F1(i; 0, 1/4). Put ¢(2)=Fi(%; 1/4, 0)
and = = (2mp(i)/w)?. Since (27/w)?e1(i) = —e1 = ea = 1, from (10.26d) with
v =1 and (a, b) = (1/4, 0), we obtain 4z? — 6z = —1/4. Solving this equation
and comparing the result with the Fourier expansion of ¢, we can conclude that

(13.23a) Fi(i5 1/4,0) = —iFy(i; 0, 1/4) = (47) "1 (1 + V2)w.
(13.23b) 1)/ Fi(i; 1/4, 0)% = e9(4) /F1(4; 0, 1/4)? = 4(3 — 21/2).

Call the curve of (13.19) simply C. In §14.19 we will show that L(s, ) is the
zeta function of C over Q, and also that there is a Q-rational curve C’ isomorphic
to C over K but not over Q. Thus the “periods” on C are diffferent from those
on C. Still, L(s, A) is the zeta function of C” over Q. Therefore the relationship
between the periods and the critical values of L(s, A) is not so simple. This point
will be investigated in Section 15B.

13.10. The conductor of A" is v if v € 4Z. In this case it is natural to consider
L(s, p™) with a primitive character p of conductor t such that u(ar) = a=*al*
for every o € K*. Indeed, for 0 < m € Z we have
(13.24) AL(s, p™) = Y o a* 7% = €1, (6, s — 2m; 0, 0).

0#a€r
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The quantity we should consider is L(k, u™) with an integer x such that 1 —
2m < k < 2m. Putting n = 2m — k and n’ = 2m + k — 1, from (10.28) and
(9.22) we obtain

(13.25) L(s, p™) = 28m=11(2m + k)~ Lx2m+s

(DSHEQR)(Z) (K: > 0)7

(D50 B220)(3) (5 <0).
Since E»(i) = FEg(i) = 0, the observation on D} Ej made in §9.2 shows that
(DR Ey) (i) is Eq(i)#T2/4 times a rational number. Therefore, from (13.25) we
see that L(k, u™) is a rational number times 7%~2™w?™ in both cases k > 0
and k < 0. For example, from (9.9a, b, ¢) and (10.9) we obtain (D3E,)(i) =
(100/3) E4(i)?, and so
(13.26) L(—1, p2) = 3~ 1a 55,

13.11. In certain cases we obtain a simpler formula for L(s, A) than (13.10).
Let A, Ag, ¢, and A be as in §13.5. We assume

(13.27) c+Z=r,

and put N(¢) = m. Then ZNc¢ =mZ and t/c 2 Z/mZ. Take o € K N H so
that v = Zoy + Z. We apply Lemma 12.6 to the members of A with oy as o of
that lemma. Take oo+ b as in (12.9) and put o = o¢ + b. By the last assertion
of Lemma 12.6, we may assume that each member a of A is of the form

(13.28) a=Zo+Zr, oc€cnNH, r=N(a), r isprimeto m.

Fix one a of type (13.28). For xzo+yr € a with z, y € Z we have \g(zo+yr) =
Ao(yr), and so

(13.29) Z o) |a| 72 = Z No(yr)(zo + yr) ™ |xvo + yr|V =%

0#a€a 0#(x,y)€Z?
= \o(r)r—*="/2Im(c /m)"/?~* Z Xo(@) € ((mr) o, s —1v/2; 0, q).
q=1

The last sum, up to some elementary factors, is the value of the function ¢  of
(9.10b) at (mr)~1o, where we take N =m and y to be the restriction of Ay to
Z; we assume that y is primitive. We can replace ¢, \ by ¢(z) = ¢;, ,(z/m).
Then the value in question becomes (o /r), and by (9.11g), ¢|l.,y = x(a,)¢ for
every v € I'°(N). In particular, if v =1 and Y is real, then we have ¢ = @‘17)(
by (9.11h), and so

(13.29a) X(N(a))_lN(a){ Z /\(ozt)a|25} 1/22%@?)((0/7').
0#aca 5=
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13.12. Let us consider an example of the setting of §13.11. Take K =
Q(v/—7) and ¢ =rt7” with 7= (34++/—7)/2. Then vt =Z7+Z, N(¢) =4, and
there is a unique character A of conductor ¢ such that A(atr) = Ag(a)at|a

—4
for « prime to ¢ with Ap such that Ao(a) = <) for a € Z. Then M\ is
a

primitive or imprimitive according as v is odd or even.

Now (13.13) holds in the present case, and so instead of using (13.29), we can
proceed as follows. Since 7(1 + ¢) = 7 + 4r, for the same reason as in (13.14)
and (13.14a), we have

(13.30) T2 (s, AY) = Im(T)"/2 €L (r, s —1/2; 1, 0),
(13.30a) L(k/2, \) = 772737 7/2¢4 (1, —n; 1, 0).
Here 2—v <k <v and n= (v—k)/2 € Z. By (10.28) we obtain
(13.30b)  L(k/2, \) = (—ir)*T@=R/AD (v + k) /2) " m(v+h)/2
2~ WHR/2DnpE(: 1/4, 0) (k> 0),
| {2<3k—”-4>/2D?kF§i>k<T; 1/4,0)  (k<0),

where the symbols are as in (10.28). Thus we can naturally take Fy(7; 1/4, 0)
as a basic constant. However, (13.29) is also useful. In order to use it, we take
o =—7"=(=3+4++/=7)/2. Then for the present A we have, by (13.29a),

(13.30c) L(1/2,)) = 7Fi(o; 1/4, 0).
This combined with (13.30b) shows that
(13.30d) Fi(o; 1/4, 0) = (—ir/2)Fy(r; 1/4, 0).

Therefore we can also take Fj(o; 1/4, 0) as a basic constant. In the next sub-
section we determine various quantities in terms of these constants.

13.13. Let w = 20E4(2)e,(2) 2. By (10.33) we have J(2)(w — 3)(w — 12)? =
w3. Therefore, once the value of J(z) is given, we can find the values of the three
functions 20F,(z)e,(2)~2 by solving a cubic equation.

Let 0 = (1++/=7)/2 and 7= (3 + +/=T7)/2. Since 7 =6 + 1, from (10.23a)
we obtain e2(7) = €2(0), £1(7) = €3(0), and e3(7) = €1(0); of course Esp,(7) =
Eom (6). From (12.5) and (12.6b) we obtain, taking ¢ =1 and m = 2,

(13.31) Ba(r)/e3(r) = Ea(6)/e1(0) = (v/—T — T)/56.

Now J(#) = J(1) = —53/43, which follows from [Web, p.179, (4) and p. 460,
(18)], and so 20E,(7)e, (1)~ 2 satisfies an equation

53(w — 3)(w? — 24w + 144) + 43w? = 0,
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which can be transformed to 7Tw?® — 53(w — 4)2 = 0. It is not so painful to
find that the roots are 20/7 and 5(3 & y/—7)/2. From the Fourier expansion of
each function, we see that Es,(7) and e3(7) are real. From (13.31) we see that
e3(7)7? is a real number times 3 — /=7, and therefore we obtain the first three
of the following equalities:

(13.32a) Ey(1)/e1(1)? = 3+ V/-7)/8,
(13.32Db) Ey(7)/ea(7)2 =1/7,

(13.32¢) Ey(1)/e3(1)? = (3 —/=T7)/8,
(13.32d) e1(1) = e3(7),

(13.32¢) e1(7)/Fi(7; 1/4,0)2 =1 — /T,
(13.32f) eo(T)/F1(73 0, 1/4)% = 4/7(8 — 3V/7),
(13.32g) es(r)/Fi(r: 1/4, 1/4)? = 14+ V=T,
(13.32h) E¢(1)/e1(1)® = =3(7 + 5v/—=7)/14,
(13.32i) Eg(7)/ea(T)? = 24/49,

(13.32j) Eo(1)/e3(1)* = =3(7 = 5V/=T) /14,
(13.32k) eo(7) /1 (T) = (=T — /=T )/4,
(13.321) ea(7)/es(T) = (=T +/=7)/4,
(13.32m) Eo(7)/ex(1) = 1/14.

To prove (13.32d), we note that €3 € .#Z2(R). Since 7+ 7 = 3, by (10.23a) and
Lemma 1.6 (v) we have €1(7) =¢1(3 —7) = e3(—7) = €3(7) as expected. Next,
put x = Fy(7; 1/4, 0)2/e1(7). From (10.26d) and (13.32a) we obtain 42% — 6z —
3/4+ (5/8)(3 + +/—7) = 0. The solutions are (11 —+/=7)/8 and (1 + /=7)/8.
Using the Fourier expansions of F; and e7, we easily find a good numerical
approximation to z. Thus we obtain (13.32e) and also (13.32f, g) in a similar
way. Equalities (13.32h, i, j) follow from (10.26e) and (13.32a, b, ¢); (13.32k, 1)
follow from (13.32a, b, ¢) and (13.32h, i, j); then (13.32m) follows from (13.31)
and (13.321).

By Lemma 10.14 and (10.26a), Fx(z; a,, b,) and F,g4)(z; ay, b,) are polyno-
mials in Fy(z; ay, b,) and £,(z) with rational coefficients. Therefore in view of
(10.26f, g) and (9.9, b, ¢) we see that DI'F}(z; ay, b,) and DPF\ (z; a,, b,)
are polynomials in Fi(z; ay,, by), €,(2), and Ea(z) with rational coefficients.
Consequently these quantities are powers of Fi(7; a,, b,) times elements of
K = Q(v/=T7)if v # 2; they are powers of F(7; 0, 1/4) times elements of Q(+/7)
if v = 2. Thus from (13.30b, d) we see that L(k/2, \) is 7*+")/2F (o; 1/4, 0)”
times a number of K. For instance,

(13.33) L(=1/2, \3) = 14(3V/—T7 — 1)nFi(0; 1/4, 0)3.
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13.14. If v = 2m € 2Z in the setting of §13.12, it is natural to consider
™ instead of A?™, where p is the primitive character of conductor t such
that p(ar) = a=2?|af? for every o € K*. We then ask the nature of L(k, u™)
for an integer x such that 1 —m < k < m. We can easily state analogues of
(13.24) and (13.25), whose explicit forms we leave to the reader. In this case it
is natural to take e2(7) as a basic constant. We eventually find that L(x, ™)
is 7(m=r)/2gmthic, (£)™ times a rational number.

Let us now consider the Weierstrass equation for w;/we =7 = (3 +/~=T7)/2.
For each choice of ws we obtain an equation that determines an elliptic curve
isomorphic to C/(Z7 + Z). One natural choice is wy = 2mi|ea(7)|'/2. (Notice
that 0 > e2(7) € R.) Then from (13.32b, i) we see that the curve has the form

(13.34) C(Twa, wo) : Y2 =4X3 — (20/7)X +8/7, wy = 2mi|eqo(7)|Y/2.

It is also natural to take o = —7” instead of 7, as (13.30c) suggests. Put
©(z) = Fi(z; 1/4, 0) for simplicity. Then from (13.30d) and (13.32e, k) we
obtain e9(7) = /=7 0o¢(c)? Therefore the curve C(ow, w) with w = 2mip(o)
has the form

(13.34a) Clow,w) : Y2 =4X3— (20/7)v2X + (8/7)v3, ~v=+-To.
Notice that o = (1 +/=7)%/4.

13.15. We now take K = Q(¢), ¢ = e(1/3), and ¢ = 3r. There is a
unique ideal character A of conductor ¢ satisfying (13.12), as (t/¢)* can be
represented by t*. Then (13.13) is also valid in the present case. Therefore
Im(¢)*~¥/2L(s, \) = €3((, s —v/2; 0, 1). Thus, from (10.28) we obtain

(1335)  L(k/2, X) = (=) T (v + k)/2) " (2m)0+)/2
3(=2K)/2pn e (¢4 0, 1/3) (k> 0),
BB B (G 0.1/3) (K <0),

Here 2—v<k<v,n=w-—-k)/2€Z, m=w+k—2)/2; F} =F,if k#2
and Fy = F.
We can replace (0, 1/3) by other vectors. For example, let o = —b — (2 with

beZand a = ﬁ _bl} . Then ¢ € H, t = Zo + Z, and ( = a(0). From (9.3)

we obtain (—¢)*Fy(¢; 0, 1/3) = Fi(0; 1/3, b/3).

Now let 7 be an element of K N H such that vt = Z7 + Z. Then Ej(7) =
E,(¢) =0 for k ¢ 6Z, as Ex(¢) = ¢*Ex(¢). Let F), be as in §10.8. Then from
(10.29a, b, d) we obtain

(13.36)  Fo(r)=-F2(r)=3F1(1)?, Fs(1)=32Fi(7)%, Ee(r)=(3*/7)F1(7)",
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assuming that F(7) # 0. We can easily verify that Fy(¢; 1/3, 0), F1(¢; 0, 1/3),
and Fi(¢, 1/3, 1/3) are all nonzero, but Fy(¢; 1/3, 2/3) = 0. By Lemma 10.14,
(10.29a-f), and (13.35) we can conclude that L(k/2, \*) is 3(—k)/4gv+k)/2v
-F1(¢; 0, 1/3)" times a rational number.

Next, we take w; = (ws in the setting of §10.6. Clearly go = 0, p((u) =
Cpu), w; +ws = (C + Dwy = —C%ws, and so e; = Cep and e3 = (Zeq, and
g3 = 4dejeges = 46;’. Let w be the value of wy for which es is real and 463 =33
Then (27/w)SEs(¢) = —3*/7 by (10.4b), and the corresponding elliptic curve is

(13.37) C(lw,w) @ Y2 =4X3-33%
By (10.20) we have

° dx
13.38 w= 21/33—1/2/ —_—
(13.38) T
Now (27 F} (C)/w)6 = —1 by the last equality of (13.36). The function Fj(z; 0,
1/3) is i v/3 times the function of (9.11b) with N = 3 and k& = 1. From its Fourier
expansion we see that Fy(¢; 0, 1/3) is ¢ times a positive real number, and so

(13.39) w=—2miFy(C; 0, 1/3) = 3L(1/2, \).
Employing this, we see that L(k/2, \) is 3(*=F)/4x(k=1)/2¥ times a ratio-
nal number that is computable. For instance, by (9.9a) and (10.29a) we have
Dy 5 = (5/3)Ey — 4E3 4+ 6F; D1 Fy, and so from (10.29¢) and (13.36) we obtain
(DQ?Z)(C) = 9F1(C)4 Thus
(13.40) L(1,\*) = 3Y2(47) 1wt = 31/2 . 4n3Fy(¢; 0, 1/3)%

13.16. Next we take K = Q(v/—2) and ¢ = 2v/—2t. To make our formulas

short, let us put o = +/—2. Then (t/c)* is a cyclic group of order 4 generated
by 14 ¢ modulo ¢. Thus we have a character A satisfying

(13.41) Aar) = Ng(a)a™ ol

for a prime to ¢ with a character Ay of (t/c)* such that A\y(1 + o) = i. Since
o(14¢) = o+4r, by the same technique as in (13.14) we easily see, for 0 < v € Z,
that

i7Y275L(s, \) = L¥(s; 0, 4vt) + i - LY(s; 0 — 2, 4t).

Therefore, given an integer k such that 2—v < k <v and v —k = 2n € 2Z, we
have

(13.42)  L(k/2, A7) = iv2tbt0)/4{€d (0, —n; 1, 0) +i - (0, —m; 1, 2)}.

Thus we need Fy(z; 1/4, 1/2) in addition to Fj(z; 1/4, 0); also, (10.28) is appli-
cable. To simplify our notation, we put

(13.43) vr(z) = Fi(z; 1/4, 1/2).
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Since €1 and Ej are invariant under z — z + 2, we see that formulas (10.26a—
g) are valid with ¢y, €1, and Fa(z; 1/4, 1/2) in place of Fy, €,, and F». In
particular, from (10.26d) we obtain 4(¢} — F}t) = 6(¢3 — F?)e1, and so

(13.44) 201(2)% + 2F (25 1/4, 0)2 = 3¢1(2).

We have also 2y = 297 —&1 and @3 = 83 —6p121. We note that J(o) = 53/33,
as can be seen from [Web, p. 460, (17)]. Then by the same technique as in §13.13
we obtain the following numerical results:

(13.45a) Es(0)/e1(0) = —1/8,

(13.45b) Ey(0)/e1(0)? = 3/8,

(13.45¢) Ey(0)/e2(0)? = 3(11 — 6+/2) /49,
(13.45d) Ey(0)/e3(0)? = 3(11 + 61/2) /49,
(13.45¢) E¢(0)/e1(0)® =6/1,

(13.45f) e1(0)/Fi(0: 1/4, 00> = 4(2 - v2)/3,
(13.45g) p1(0)/Fi(o51/4,0) =v2 - 1,
(13.45h) Fs(0; 1/4,0)/Fy(o; 1/4, 0)° = 8(v2 — 1),
(13.451) @3(0)/Fi(o; 1/4, 0)* = 8(2v/2 — 3).

Therefore, from (13.42) we obtain
(13.46) L(1/2, \)/Fi(c; 1/4,0) = (0 + 1 —i)y/2.

We now consider the elliptic curve of (10.3b) with (w1, w2) = (ow, w), w =
2mie1 (0)'/2. (Notice that 1(0) > 0.) Then go(wi, wa) = 20E4(0)/e1(0)? = 15/2
and g3(w1, we) = (7/3)Eg(c)/e1(0)? = 2. Thus C/r is isomorphic to

(13.47) Clow,w) : Y2 =4X3 — (15/2)X — 2, w = 2mie;(0)"/2.

13.17. In the above discussion we chose a quantity of the form Fi(7; a, b)
as a basic constant. Instead, we can take 7(7)? = A(7)Y/!2, but this may not
be the best choice. Still it is natural to ask how it is related to Fi(7; a, b). This
can be answered as follows. Once E4(7)F1(7; a, b)~* and Eg(7)Fy(7; a, b)~6 are
determined, we obtain A(7)Fy(7; a, b)~12 from (10.4c), and that gives the value
of n(7)?/Fi(r; a, b) up to a twelfth root of unity. Since a numerical approxi-
mation of 7(7)? can easily be done, we eventually obtain a numerical value of
n(7)2/Fi(7; a, b). For example, we have

(13.48) n(i)? = V2(1— ) Fy(i; 1/4, 1/4),
(13.48D) n(Q)? = e(~T/2)F1(C: 0, 1/3), € =e(1/3).
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14. The zeta function of a member of a
one-parameter family of elliptic curves

14.1. In this subsection we let F, g, a, and h denote an algebraic number
field of finite degree, the ring of algebraic integers in F), the set of all archimedean
primes of F, and the set of all nonarchimedean primes of F, respectively. For
every v € aU h we denote by F, the v-completion of F. In particular, for
v € h and a fractional ideal ¢ we denote by g, the v-closure of ¢ in F,, which
coincides with the g,-linear span of ¢ in F,,. If F' = Q in particular, then g = Z,
and we use a prime number p instead of v. Thus the subscript p means the
p-completion, so that Q, and Z, mean the field of p-adic numbers and the ring
of p-adic integers. Then we put F, = F ®q Q. This can be identified with
Hv‘p F,. For any Z-lattice a in F' we denote by a, the Z,-linear span of a in
F,. If a is a fractional ideal, then a, can be identified with [, a..

We denote by Fa, Fy,Fa, and Fy, the adele ring of F, the idele group of
F, the archimedean factor of Fa, and the nonarchimedean factor of Fa. For
x € Fa and v € aUh |, we denote by z, the v-component of x; also, we denote
by z,, Ta, and z the projections of = to F,, F,, and F},. Given y € F and a
Z-lattice a in F, we denote by ya the Z-lattice in F such that (ya), = y,a, for
every prime number p. If a is a fractional ideal, then ya is a fractional ideal.
We also put |y|a =[], |yv|o, where the product is taken over all v € aUh, and
| |, is the normalized valuation at v. Notice that N(yg) = |y|' if y € FX. For
a matrix X with entries in Fa and a fractional ideal ¢ in F' we write X < if
all the entries of X, are contained in r, for every v € h.

We let F,};, denote the maximal abelian extension of F. (When we fix an em-
bedding of F' in C as we will do later, we take F,;, to be the maximal abelian
extension of F in C.) By class field theory there is a canonical surjective homo-
morphism of F{ onto Gal(F,,/F). For y € Fy and a € F,, we denote by {y}
the image of y under that homomorphism, and by a{¥} the image of a under
{y}-

By a Hecke character of F{ we understand a continuous homomorphism
¥ of F into C* such that (F*) =1 and |[¢(z)] = 1 for every = € Fy. For
such a 1 we denote by t,, s, and ¥y its restrictions to F), F), and Fy.,
respectively. Given v, there exists a unique integral ideal §{ with the following
property: ¢,(z) =11if v € h,z € g, and © —1 € f,; if § is another integral
ideal with this property, then f O f. The ideal { is called the conductor of
. Given a fractional ideal a prime to f, we take an element o of Fy‘ so that
ag = a and «, = 1 for every v|f. We then put *(a) = ¢(a). This is well
defined. We put ¢*(a) = 0 if a is not prime to f. We call ¢* the ideal
character associated with .

14.2. We put G = GL2(Q) and G! = SLy(Q) as before, and define the
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adelization Ga of G as usual; see [S71, §6.4] or [S97, Section 8]. We denote
by G. and Gy the archimedean and nonarchimedean factors of Ga. We put
Gp = GL2(Qp) for each prime number p and view G and G, as subgroups of
Ga. We then put

(141&) Ga+ = {ZC S Ga’ det(a?) > O}, GA+ == Ga+Gh7 G+ =GnN GA+,
(14.1b) U=Ga [[GL(Zy), Un={uclU|u-1=<nZ},
P

(14.1¢) U°n)={u€U|b, <nZ}, Up(n)={u€U|cy <nZ} (0<neZ).
Here b, and ¢, are the b-entry and c-entry of u; see §1.1. Notice that GNU =
SLy(Z) =I'(1) and GNU, = I'(n). Thus GNS = G' N S for any subgroup S
of U. We note here basic facts:
(14.1d) G4 =G'X and Gay = G X - {diag[l, ¢] |t € QX[

every open subgroup X of G} .

pZ;, ta > 0} for

The first equality is strong approzimation in G'; see [S71, Lemma 6.15]. To prove
the second equality, let w € Ga4 and y = det(w). We can find a € Q*, > 0, so
that yZ = aZ. Put t = a~'y and a = diag[l, a]. Then a~'w-diag[l, t]~! € G}.
Since G = G* X, we can put a~'w-diag[l, t|~! = Bz with 8 € G' and = € X.
Then w = afx - diag[1, t], which proves the second equality of (14.1d).

Let kn = Q(e(1/N)). Defining the symbol o7, as in §1.4, we see that <% (Qan)
= Ux=1 @ (kn, I'(N)). There is a natural action of Gal(Qab»/Q) on the el-
ements f of the graded algebra > ;- % (Qap), which can be defined as fol-
lows. For g = ETGQ cre(rz) € M1 (Qap) and o € Gal(Qan/Q) we can define
9° € Mi(Qab) by ¢7(2) = >, cqcre(rz); see Theorem 1.9 (ii). Now, for
f=9/h € Z(Qup) with g € M ,1m(Qap) and 0 # h € A ,,(Qan) we put
f° = g7 /h°. This is a well-defined element of <7, (Qap). If o = {t} with t € Q},
we write f{t} for fo.

In [S71, §6.6] we defined the action of Ga4 on the field <% (Q.p) which was
written § there. In [S78a] and [S78¢] this was extended to an action of Ga4 on
the graded algebra > p- ;%% (Qab) as a group of automorphisms as follows. For
f e % (Qap) and @ € Gay we denote by fI7) the image of f under =.
As stated in [S78a, Theorem 1.2] and [S78¢c, Theorem 1.5], the actions have the
following properties:

(14.2a) flevl = (flellyl,
(14.2b) al?l = gldet@ ™"} for every a € Qu, and x € Gay.
(14.2¢) Sl = U if 2 = diag[l, t7'] with t € [T, Z).

(14.2d)  flel(z) = (cz + d)F f(a(2)) if a= [(CI Z} € Gy and f € 9,(Qab)-

(14.2e) The action of Gay on %% (Quapb) is the same as that of [ST1, §6.6].
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(14.2f) 1 (Qap) is stable under [z] for every = € Ga.
(14.2g) For every f, the group {w € Gax | flel = f} contains U, for some n.

The last statement implies that the action of G54 is trivial, as Ga+ C U,,. Notice
that (14.2d) implies that fl°l = f|lpa if a € G'. In view of (14.1d), once we
require conditions (14.2¢c, d, e, g), then there is a unique way to define the action
of Ga+ on @;(Qapb). However, it is highly nontrivial to prove (14.2a) for the
defined action. We will present the proof in Section A5 of the Appendix. We
note also that these can be generalized to the case of automorphic forms in
the higher-dimensional cases; see [S98, 26.8 and 26.10] and [S00, 10.10, 10.2] in
addition to [S78a] and [S78c].

Define FJ(z; a, b) as in §10.3. Given w € Q?/Z?, we take an element (a, b)
of Q? that represents w, and define Fy(z,w) to be Fj(z; a, b). Since Q?/Z?
is canonically isomorphic to Hp QZZ,/ Zf,, for w € Q?/Z? we can speak of its
p-component w,, which is an element of Q2/Z2. Then for u € U we define
wu to be the element of Q?/Z? such that (wu), = wyu,. (Here we ignore the
archimedean component of «.) Now we have

(14.3) Fi.(z, w)" = F.(2, wu) for every w € Q?/Z? and u € U.
To prove this, we first note that
(14.3a)  Fip(z, w){ ) = Fu(z, wz) if = = diag[l, t] with t € 1L, Z;.

This follows from the Fourier expansions of (9.4) and (10.12) combined with our
definition of the action of {t71}. Here we recall a basic fact: viewing e as a
function on Q/Z = [[,(Q,/Zy), we have

(14.4) e(c)itt =e(t~¢) for c e [1,(Qp/Zp) and t € [[,Z, .

To prove (14.3), fix such w and w; take n so that Fj(z, w) is invariant under
U, and nw = 0. Let ¢t = det(u) and z = diag[l, t]. Then uz~! € G4 C
U,G! by (14.1d). Thus uz~! € U,y with v € G'. Clearly v € SLy(Z). Thus
Fi(z, w)¥ = Fi(z, w)D*. By (14.2d), Fi(z, w)"! = Fy.(z, w)||xy, which equals
Fy(z, wy) by (9.3), (10.10b, d), and (10.13). Therefore by (14.2c) and (14.3),
Fi.(z, wy)® = Fy.(2, wyz) = Fy(z, wu). This proves (14.3).

Lemma 14.3. (i) Let f be an element of <#,(Qap) such that fllry = x(ay)f
for every v € I'(m)NIy(n) with positive integers m and n, where x is a char-
acter of (Z/mnZ)* such that x(—1) = (=1)*. Then f[* = (X(ag;)f){det(m) g
for every x € U%(m) N Uy(n), where we view x as a character of [Lpjmn 2y in
an obvious way.

(ii) Let S be a subgroup of U such that diag[l, det(z)] € S for every x € S
and let I' = GNS. Then fl@l = fLaet@ Y for cvery € S and every f €
s (Qab, I).
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ProOOF. Given f as in (i), take a multiple h of mn so that f = f for
every u € Up. Given z € U%m) N Uy(n), put t = det(z) and y = diag][1, .
By (14.1d) we can put zy~ ' = ua with o € G! and u € Uy,. Then a € G' N
U°(m) 1 Up(n) =T°(m) N Iy(n), and so f1 = £ = (f|lxa)) = (x(aa) f)""
Now a; — an < mnZ, and so x(a.) = x(az), which proves (i). As for (ii),
take again h so that f“) = f for every u € Uy, and U, C S. Given z € S,
put t = det(z) and y = diag|[l, t]. We again have z = uay with o € G and
uw € U, Then a € SNG' = I, and flo = (flra)¥ = fW = {7} which
proves (ii).

14.4. Let K be an imaginary quadratic field embedded in C as in §12.1
and t the maximal order in K. We first recall a basic fact that f(7) € Ky, for
every 7 € KN H and every f € §. (In fact, we stated in Theorem 12.2 more

general results concerning the values of nearly holomorphic forms.) Fixing 7,
define ¢ : Ko — M2(Qa) by

(14.5) [I}s:q(s) [71—} (s € Ka).
Then the reciprocity-law [S71, Theorem 6.31] says

(14.6) f(r){s} = flaOI7(7) for every s € K and every f € § finite at 7.

We now consider an elliptic curve C which is isomorphic to C/a and rational
over an algebraic number field k, where a is a Z-lattice in K. We fix an isomor-
phism ¢ : C/a — C. For b € K such that ba C a we denote by ¢(b) the element
of End(C) obtained from multiplication by b on C, that is, ¢(b)¢(w) = &(bw) for
w € C/a. We can naturally extend ¢ to an isomorphism of K onto End(C)® Q.
For a holomorphic 1-form 7 on C we have 7o ¢(b) = bn. (Indeed, if w is the
variable on C, then 7 is a constant times du.) We can take 7 to be k-rational.
From the equality 7o «(b) = bn we see that every element of End(C) is rational
over kK.

Let us next recall some basic results concerning the zeta function of C' over k,
which is associated with a Hecke character of k. We first assume that K C k.
For z € kx we denote by za the Z-lattice in K such that (za), = z,a, for
every prime p, where 2z, = (z,)yp- The module K/a can be identified with
[I,(Kp/ap). Therefore multiplication by 2, on Kj,/a;, defines an isomorphism
of K/a onto K/za. In particular, if za = a, multiplication by z in this sense
defines an automorphism of K/a.

Clearly &(K/a) is the set of all torsion points of C. Moreover, it can be
shown that all such points are rational over kap; see [S71, Proposition 7.40 (1)].
Therefore, for z € kX and w € K/a, the image &(w)®} of &(w) under {z} is
meaningful. Put y = Ny k(). Then there exists a homomorphism o : kx —
K> with the following properties:
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(14.7a) a(x)a=ya, a(z)a(z)” = N(yv),
(14.7b) E(w)t™ = ¢(a(z)y~w) for w e K/a.

This result is included in [S71, Proposition 7.40]; see also [S98, 19.8 and 19.10].
We can then define a Hecke character ¢ of kx by

(14.8) (@) = [y (a@)y ™), v = Nix(@).
Since K, is identified with C, we have z, € C for every z € K. Notice that
(14.8a) Y(x) =y Hyl if z €kl and y= Ny/g(z).

The character ¢ in [S71] and [S98] is defined without the factor \y|z/2. Here we
include it in conformity with the definition in §13.5. Let g denote the maximal
order of k. Since | Ny k(z)|a = N(xg)~*, (14.8) shows that

(14.8b) Y(x)N(zg)t/? = a(r) € KX if x € K\

Thus (14.7a) and (14.8a, b) are necessary conditions for . Conversely given 1,
we can find C as follows. Let a be a Z-lattice in K and k a finite algebraic
extension of K (j), where j is the invariant of C/a. Let ¢ be a Hecke character
of kjx such that (14.7a) and (14.8a, b) hold with a map « : k — K*. Then
there exists a k-rational elliptic curve C' and a parametrization ¢ : C/a — C
satisfying (14.7b); see [S98, 22.1].

Let us now state this fact in terms of an ideal character. Let ¥* be the ideal
character associated with 1. Let § be the conductor of 1. Then we can define
a character ¢ of (g/f)* by ¢s(a) = [, ¢u(a). Put a(r) = ¢* ()N (x)"/?. Then
(14.8b) shows that «(r) € K*. In particular, if v € k* and ~ is prime to f,
then

(14.8¢) ¥ (vg) = ¢¥s(v) " Wa(n) ™ = U1(0) T Ny ()N (1) 71

and so a(vg) = ¥;(7) ' Ny/x (7)- 7
Now the zeta function of C over k is L(s, 1) L(s,); see [S71, Theorem 7.43)
and [S98, 19.11]. We call 1) the Hecke character determined by C over k.
It can easily be verified that this does not depend on the choice of a and &.
We state two basic facts on the zeta function of C' in the following lemma.

Lemma 14.5. (i) Let C and C’ be two elliptic curves which are isomorphic
over C and defined over a finite algebraic extension k of K. If they determine
the same Hecke character over k, then they are isomorphic over k.

(ii) Suppose C' is defined over a subfield h of k such that k = hK and K ¢ h.
If 4 is the Hecke character of kx determined by C' over k, then L(s, 1) is the
zeta function of C over h.

Assertion (i) is a special case of [S98, 19.12]; as for (ii), see[S98, 20.7 and
22.2]. We must note, however, that there can exist C' and C’ as in (i) which are



14. THE ZETA FUNCTION OF AN ELLIPTIC CURVE 101

defined over a field h as in (ii), but not isomorphic over h. We will discuss this
point in more detail in Section 15B.

14.6. There is an interesting special situation in which the above character
is given in the form 1 = po Ny, i with a Hecke character p of K. (We are
assuming that K C k.) Such a u exists if and only if every point of &(K/a) is
rational over Kk, and moreover the number of such p is exactly [kN Ky, @ KJ;
see [ST1, Theorem 7.44]. We can state the result in a clear-cut way under the
following condition:

(14.9) Every point of £(K/a) is rational over Kay,.

In this case C is clearly rational over K}, and for we€ K/a and o € Gal(K,p/K)
the image {(w)? is meaningful as a point of C.

Theorem 14.7. Under (14.9) let k be a finite extension of K contained
in K., such that C is k-rational. Then there exists a homomorphism 3 :
KXNk/K(kﬁ) — K uniquely determined by the following properties:

(14.10a) Bly)a=uya, By)By)” = N(yv),
(14.10b) E(w)W¥ = £(B(y)y~tw) for every w € K/a,

where y is the variable element of K> Ny, g (k). Moreover, there exists a Hecke
character p of K5 such that

(14.11) ny) = > (By™), Jor ye K*Nyx(ky).
and po Ny g is the Hecke character of kx determined by C over k.

PROOF. By class field theory, k corresponds to K* Ny, i (ky), and for y €
K the element {y} of Gal(K,p/K) is the identity map on k if and only if
y € K*Ny/k(ky). Thus &(w)¥} belongs to C. Given y € K* Ny (kj3), take
r € ky and y; € K* so that y = y1 Ny i (x). Putting B(y) = yra(z), from
(14.7a, b) we obtain (14.10a, b), and we easily see that po Ny k coincides with
¢ of (14.8). Formula (14.11) defines g only on K* Ny k(ky). Since [K, :
K*Ny/k(ky)] = [k : K] < 0o, pu can be extended to a continuous character of
kx by a basic principle stated in [S71, Lemma 7,45].

14.8. We now take C' to be a member of a family of elliptic curves parame-
trized by z € H as follows. Take ¢ € @ (Qap), and put wy; = 2wy and wy =
2mip(=). Then gu(wi, we) = (2m0) 2gu(2, 1)/ ()% = g, (2)/ip(2) for =
2, 3. Once ¢ is fixed, we have a family of elliptic curves (viewed as projective
curves in an obvious way)

(14.12) C.: Y2 =4X3—c3(2)X —c3(2), cu(z) = gu(2)/p(z)*".
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This is what we denoted by C'(zw, w) in (10.4e), where w = 2mip(z). The curve
C, is meaningful if p(z) # 0, co. Notice that ¢z and c3 are finite at z if and only
if p(2) #0, as ¢3 —27c¢3 = A/p2. Now for 7 € K N H such that () # 0, oo,
the curve C; is isomorphic to C/(Z7 + Z). We see that ¢, € @ (Qab), and so
cu(T) € Kap, as we noted in §12.1. Thus C is Kap-rational. The significance of
this curve C; is that we have an explicit form of the period wy = 2mip(7) and
we can determine the Hecke character associated with C, as we will show in
Theorem 14.9 below. Thus the critical value of the zeta function of C; can be
compared with ¢(7) by the technique of Section 13.

Put a = Z7 + Z. Then the map u +— uwsy gives an isomorphism of C/a onto
C/(Zwy + Zws). For w =at +b € K with a, b € Q, let £(w) denote the point
(X,Y) on C; corresponding to w. More explicitly, from (10.6a), (10.10a), and
(10.11a) we see that

(14.13) E(w) = (plawr + bws; wy, wa), ¢ (awr + bwa; wi, wa))
= ((p(T)_ZFQ(T;a, b), (1) 3F3(T;a, b))
Thus &(w) is Kyp-rational for every w € K, and so (14.9) is satisfied.

Theorem 14.9. Define ¢ and C, as above; let T be an element of K N H
such that ¢(t) # 0; define also q : K — Gay by (14.5). Put U, = {u €
Ule = ¢} and W = {y € K |qly) € Uy}. Let k be a subfield of Ka
corresponding to K*W. (The field k is meaningful, as W is an open subgroup
of Ky, and K*W = K* Ny i (ky).) Then c3(7), c3(7) € k, and consequently
C; is k-rational. Moreover, for y € K*W the quantity B(y) of (14.10b) is a
unique element of K* such that y € B(y)W.

ProOOF. By Lemma 14.3, gl') = g, for u € U, and so ) = ¢, for u € Us,.

For y € W put = = ¢(y)~'. Then = € U,, and by (14.6), ¢, (1)} = c,[,m](r) =
¢, (7). Therefore ¢, (7) belongs to the field k& of our theorem, and so C; is k-
rational. For y € K*W put y = ba with b € K* and a € W; put also
r=q(a)~t. For w = et +d € K/a with (¢, d) € Q?/Z?, we see from (14.5) that
a 'w = 7+ d with (¢, d') = (¢, d)r. Since {y} = {a} and ¢l"l = ¢, by (14.6)
and (14.3) we obtain

{e(n) " Fy(r; ¢, M = {o(r) TV Fy (15 ¢, )} = (1) Fy (3 ¢, d').

Therefore, by (14.13) we have ¢&(w)i¥} = ¢(a'w) = £(by~'w) for every w €
K/a. This means that b = ((y), which proves our theorem.

14.10. There is an important requirement in the setting of §14.6, that is, we
have to choose ¢ so that ¢(7) # 0. In certain cases we can check this point in
the following way. Take, for example, the group I" conjugate to I (4) treated in
§10.7. Let 0 # ¢ € A4 1(I"). The divisor of ¢, written div(y), can be defined
as in [S71, §2.4], and given by the formula [S71, (2.6.5)], and so deg (div(y)) is
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computable. As noted in §1.11, there are two regular cusps and one irregular
cusp. Thus we find that deg (div(¢)) = 1/2. Since the order of a zero of ¢ at
any irregular cusp is 1/2 times an odd integer, we see that ¢ is not zero at all
other points of H U QU {oo}.

As another example, take

= {ye )| xd) =1, X(a)—<8>-

Then IH(8) = { + I}F. This has genus 0 and no elliptic points; there are two
regular and two irregular cusps, as shown at the end of Section 1. We find that
dim .#,(I') = 1 + 2[k/2] for every k > 0. Define goi’x and ¢y . by (9.10a, b)
with the present y and N = 8. Put ¢ = ¢ . Then p(z) = gof’x(&z) by (9.11h).
Again from [S71, (2.6.5)] we obtain deg (div(p)) = 1. Therefore, for the same
reason as in the previous case, we see that ¢ has 0 exactly at the irregular cusps,
and ¢ # 0 at all other points of H U QU {o0}.

14.11. We note that if we put S = {x € Gaxt ’c[;} = Co, céﬂ = 03}, then
(14.14) S =Q*U,.
Indeed, in the above proof we have seen that U, C S, and so Q*U, C S. To
prove S C Q*U,, we first recall
(14.14a)  Q*U, = {z € Ga+ ’ fl#l = f for every f e o (kn, I'(n))},

as given in [S71, (6.6.3)]. Let = € S. Since J is a rational expression in ¢ and
c3 with rational coefficients, we have JI¥l = J, and so z € Q*U, as Q(J) =
%(Q, F(l)). Put = au with ¢ € Q* and u € U. Since g[yu] = g,, we have
()M = 2% and so ¢ = 4. Clearly ¢~ = —p. Thus u € {£1}U,, which
proves (14.14).

Let ks be the subfield of Q. corresponding to Q* det(S) and let

(14.15) Fs = {f € % (Qap) | fl] = f for every z€S5}.

Then we easily see that kg = Fs N Qap and kg(ce, c3) C Fs. We have actually
s = ks(ca, c3) in view of the fact that the correspondence S < Fg is bijective;
see [S71, (6.7.3)]. We have

(14.15a) ks =Q if ¢ € #(Q).

Indeed, (14.2c) shows that diag[l, t| € U, for every t € [[ Z) if ¢ € 2(Q),
and so QX C Q* det(S), which proves (14.15a).

It is natural to ask whether the field & of Theorem 14.9 is ksK (c2(7), c3(7)).
We can at least prove a weaker result:

(14.16) ksK (ca(7), c3(T)) C k.
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Indeed, for y € W we have yy? = det (q(y)) € det(S), and so for a € kg we
have al¥} = 4. Thus kg C k, and so (14.16) holds. It is not clear, however,
that the inclusion is indeed an equality. We can actually prove a stronger result
k =ksK (c2(7), c3(1)) under the following condition:

(14.17) v e I'(1) and (¢[l17)(1) = (1) = v € U,.

Indeed, take y € K and suppose that {y} is the identity map on the field
ks(ca(7), es(7)); put 7 = ¢(y)~*. Then det(r)~* = yy”, and {det(r)} is the
identity map on kg, so that det(r) € Q* det(U,). Put det(r) = cdet(z) with
c € Q¢ and z € Uy,. Put ¢ = det(§) with & € G. Then det(z~'ré™1) = 1.
By (14.1d) we can put 27 'r{™! = un with u € U, and n € G'. Put a = n¢
and v = zu. Then r = va and v € U,. Since r and v belong to Ga4, we see
that o € G4. Now ¢, (1) = ¢, (1)¥} = clr! (1) and = vl = ol = ¢, 5 a.
Thus ¢, (7) = ¢y (aT), and so J(1) = J(aT). Therefore ar =7 with v € I'(1).
Since q(K*) = {e € G4 |eT = 7}, we have y~'a = ¢(b) with b € K*. Since
cu(1) = ¢, (y7), we have (p[|17)? (1) = ¢(1)?”, provided ¢, (1) # 0. Suppose
ca(7)es(T) # 0. Then (p]l17)(7) = £o(7). Replacing v by —v if necessary, we
have v € U, by virtue of our assumption (14.17). Thus q(yb~1) = ra=ly =
vy € Uy, and so yb~! € W. This means that {y} is the identity map on k, and
proves that k = ksK (ca(7), ¢3(7)). If c2(7) =0, then cs(7) # 0, [t : 1] = 6,
and (¢]|17)%(7) = ©(7)8. Thus (p[|17)(1) = Cp(r) with a sixth root of unity
. Since [t* : 1] = 6, we can find an element w of I'(1) such that w(r) =7
and j,(7) = ¢. Then (p|1yw)(T) = @(7), which combined with (14.17) shows
that yw € U,. Replacing v by 7w, we obtain the desired conclusion. The case
¢3(7) = 0 can be handled in a similar way.

14.12. We add here three remarks.

(1) Condition (14.17) is satisfied for every 7 € K N H if ¢ = AY/'2. Indeed,
for v € I'(1) and ¢ = AY12 we have |1y = ¢, with ¢, € C*. Therefore, if
(plliy)(1) = ¢(7), then ¢y =1, and so ¢|1y = ¢. Thus v € U,, as expected. By
(14.15a) we have kg = Q, and so k = K (ca(7), c3(7)) for every 7 € KN H if
@ = AL/12,

(2) The above theorem implies that K*NW = {1}, but the fact can be proved
more directly as follows. Let v = ¢(¢) with e € K* NW. Then vy € GNU, C
SLy(Z), and ¢ = o1 = py|]y. Since v(7) = 7, we have ¢(7) = j,(7)@(7), and
so jy(7) =1, as (1) # 0. Since the map v+ j,(7) is injective, we have v =1
as expected.

(3) A result similar to the above theorem was given by Rumely [Ru]. However,
there is a gap in his proof. He invoked [S71, Proposition 6.33] by taking the map
2+ (c2(2), c3(2)) as the biregular map g of (G N S)\H onto a nonsingular
curve, but it is not clear that the image of the map is indeed nonsingular. With-
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out that knowledge we cannot say that it defines a biregular map, an essential
requirement of the quoted result. We can show that the image is nonsingular and
the map defines a biregular map if ¢ = A/12 as follows. In this case we have
3 —27c3 =1, and so the map z — (z, y) = (c2(2), c3(2)) sends (GNS)\H onto
an elliptic curve 27y? = 2% — 1, which is nonsingular, and so we can employ [S71,
Proposition 6.33]. This gives another proof of the equality k = K (c2(7), cs(7))
for every 7 € K N H when ¢ = AY12, We also note that [Ru] contains the
investigations of other types of elliptic curves with complex multiplication for
which the corresponding Hecke characters can be determined, as well as many
numerical examples.

14.13. To make our exposition smooth, we define a subgroup t; of K5 by
(14.18) vo=]]w, w=r0zZ,
P

Now, as an easy example of Theorem 14.9 let us consider the case where
¢0(z) = V=3F1(20,1/3) and 7 = ¢ = e(1/3); thus K = Q(¢). From the last
equality of (13.36) we see that c3(¢) = —1, and so our curve C; is Y2 = 4X3 +1.
Notice also that ¢ € .#1(Q). We easily see that for v = v/—3 the map (X, Y)
(72X, v3Y) gives an isomorphism of C¢ to the curve C((w, w) of (13.37) over K,
but C¢ is not isomorphic to C({w, w) over Q. (If we take ¢(z) = Fi(z; 0, 1/3)
instead of the above choice, then C; becomes the curve of (13.37).)

Let x be a nontrivial character of (Z/3Z)*. We can view X as a character
of t) by combining it with the natural homomorphism v\ — (v/v/—3t)* =
(Z/3Z)*. Since ¢ € #1(I'(3), Q), by Lemma 14.3 (i) we have ¢l*) = y(a,)p
for x € Uy(3). For y € v}’ we can find an element ¢ of t* such that e~ 1y—1 < 3t.
Define ¢ by (14.5) with ¢ in place of 7. Then we see that q(¢~'y) € U,, and
so y € eW. Thus v C K*W, and so K*W = K4, as K5 = K* K}, for the
present K. This means that k¥ = K, and moreover ((y) = €. Therefore the Hecke
character of K 5 determined by C¢ is p of (14.11). Let X be the ideal character
of K corresponding to fi. Then A(at) = a~!la| for a € v such that o — 1 € 3.
In Lemma 14.5 (ii) we mentioned a result about the zeta function of C over a
field h not containing K. In the present case we have h = Q, and so L(s, A) is
the zeta function of both C' and C¢ over Q. This character X is the same as that
of §13.15 and so we showed in (13.39) that L(1/2, \) = w/3 with w of (13.38).
On the other hand, the period wy on C¢ is 2mip(¢) = 2miv/—3 F1(¢; 0, 1/3),
which equals —v/—3w. Thus the quotient of the periods, —/—3, belongs to
K, but not to Q. This is a typical example of a general principle, which we
will discuss in more detail in Section 15B. In the simplest case in which K has
class number 1, this can be explained as follows. Given K, a, and a Hecke ideal
character A\ of K, there exists a Q-rational elliptic curve isomorphic to C/a
whose zeta function is L(s, A). All such curves are isomorphic over K, and form
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exactly two isomorphism classes over Q. The quotient of L(1/2, ) by the period
of a Q-rational 1-form on a 1-cycle on the curve depends on the choice of the
isomorphism class. Of course the period depends on the choice of the 1-cycle.
We will state a precise formulation in Theorem 15.10.

14.14. To find other examples in many more cases, we take an integral ideal
¢ in K, a positive integer m > 2, and a character x : (t/¢)* — {£1} satisfying
the following condition:

(14.19) The injection Z — ¢ gives a bijection of Z/mZ onto t/c and x(—1) =
-1

Then N(c) = m. We can view x as a character of v, by combining it with the
natural homomorphism t; — [],(v,/cp)* = (v/c)*. Let ¢ be an element of
24 (Q) such that ¢[|1y = x(a, )¢ for every v € I'%(m). We then consider the
curve C, of (14.10) with this ¢.

Under (14.19) we have t = Z+¢, and so by Lemma 12.6 every fractional ideal

in K is equivalent to an integral ideal a of the form
(14.20) a=Zo+Zr, c€cnNH, v=Zo+Z, r=N(a), r is prime to m,

Thus the question about C/r for a fractional ideal  can be reduced to C/a
with a asin (14.20).

Theorem 14.15. Let ¢, m, x, and ¢ be as in §14.14; also let a, o, and r
be as in (14.20). Putting T = o/r and assuming that o(T) # 0, define k, U,
and W as in Theorem 14.9. Then v C K*W, k is the Hilbert class field over
K, k= K(CQ(T), 03(7)), and B(y) of (14.11) can be given by B(y) = x(y) for
y € v\ Further let p be a Hecke character of K satisfying (14.11) with respect
to Cr, and X\ the ideal character corresponding to @. Then the conductor of A
divides ¢, and M(ar) = x(a)a™t|a| for every a € K* prime to «.

PROOF. Given y € t, put s = x(y)y = ec + f with e, f € Qa. Then

e, f < Z,as v = Zo + Z. Define g by (14.5) with the present 7 and put
e —eh

ge—: f f } . We
have m|h, as o € ¢, and so u € U%(m). Now a,—s = eg+f—(ec+f) = ec” € ¢,
and so x(a,) = x(s) = 1. Thus @[ = ¢ by Lemma 14.3 (i). This means that
u € Uy, and so x(y)y € W. Thus t;; C K*W, which implies that k is unramified
over K. Since K (J(7)) C K (c2(7), c3(1)) C k and K (J(7)) is the Hilbert class
field over K, we obtain our assertion on k. By Theorem 14.9, B(y) = x(v),
and by (14.11), u(y) = x(y) for y € v,. For a € K prime to ¢ we have
Mor) = pala) [T, pola) = a1lalx(a). This completes our proof.

u=q(s). Put also 0 +0” =g and oo”/r = h. Then u = {

14.16. We can always find ¢, m, and x as in §14.12, provided K # Q(i).
Indeed, if K # Q(i), then we can find a prime p that splits in K but remains
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prime in Q(%). We can take ¢ to be a prime ideal in K dividing p. An example
of C; over Q when K = Q(i) will be discussed in §14.19.
Once ¢, m, and x are chosen as in (14.19), we put
m—1
(14.21) om(2) = (1/2) Y x(t)Fi(z; t/m, 0),
t=1
and we can take ¢, as . If y is primitive, this is the same as ¢f | (z) of (9.10a)
with N = m, and belongs to .Z1(Q).

Thus, for a given fractional ideal r = Za+ Zf in K and 7 = o/ € H we
can find a curve C; isomorphic to C/r and defined over the Hilbert class field of
K, provided ¢(7) # 0 for our choice of ¢ and 7 as in Theorem 14.9; moreover,
we know the Hecke character determined by the curve.

If we take a = Zo + Zr as in (14.20), we have a formula (13.29a), which
explains the meaning of ¢(o/r). If in particular K has class number 1 and
v = {£1}, then the formula gives

(14.22) L(1/2, \) = 2em =20, (0)
with ¢ € ¢N H such that t = Zo + Z.

14.17. Take for example 7 = (3 +/=7)/2,0 = —7°, and ¢ = to as in
§813.12 and 13.13. We have then m = 4 and ¢4 of (14.21) coincides with
Fi(z;1/4, 0). Therefore C, in this case is the curve C(ow, w) of (13.34a). Put
v = /=70 and denote the curve C(Tws, wy) of (13.34) by C. Then the map
(X,Y) — f(X,Y) = (yX, 4*/2Y) gives an isomorphism of C' onto C, defined
over the field K (v'/2) = K((=7)"/4), as 40 = (1+v/-T7)%

Let p and A be defined as in Theorem 14.15 for the present C,,. Let x be the
Hecke character of K5 corresponding to K (v'/2). Then r(y) = (y*/2){v}/41/2
for y € Kx. Now, if £ : C/v — C, resp. ¢ : C/t — C is the Welerstrass
p-parametrization of Cy, resp. C and &'(w) = (X, Y) for w € K, then {(w) =
f(€w)) = (vX, ¥*/2Y). Therefore &(w)t¥ = k(y)f (& (w)¥}) for y € K.
Thus kp gives the Hecke character of K5 determined by C. By Lemma 14.5
(ii), L(s, k*A) is the zeta function of C' over Q. It is not difficult to show that
£*A has conductor v/—7r, but we leave the details of the proof to the reader.

14.18. Let us now take the setting of Theorem 14.15 as follows: K =
Q(v/—m ) with a squarefree positive integer m such that 0 < m—3 € 4Z, x(a) =

(m>7 and ¢ =+/—mt, we put o, = (m++/—m)/2 and take this as o of the
a

theorem. There is a character Ag of (t/¢)* such that Ao(a) = x(a) for a € Z.
Then we have a Hecke ideal character A such that A(ar) = Ao(a)a™!la| for
a € v prime to ¢. Define ¢, by (14.21), and assuming that ¢, (0.,) # 0, define
C,,, with ¢, as ¢. By Theorem 14.15 this A is exactly the character deter-
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mined by C,, in that theorem, and (14.22) gives L(1/2, \) = 2rm ™2, (0,,),
when K has class number 1.

Put ko = Q(c2(om), c3(0m)). We note that Lemma 1.6 (v) is applicable to
©m and Ey,. Thus Ey,(0y) = Eoy(—0m) = Eap(0m — m) = By, (0 ); similarly
Om(om) = om(om —m) = @m(om), and s0 @ (om), c2(om), and c3(o,,) are
real. Therefore Q(J(om)) C ko CR,and K ¢ kg. Since k = K(J(Um)) = Kk,
we have ko = Q(J(am)), and C,, 1is rational over kg. Let p be the Hecke
character of K5 associated with C,, . By Theorem 14.9 and Lemma 14.5 (ii),
L(s, po Nyk) is the zeta function of C,,, over kq.

Let us take m = 7, and compare this result with what we found in §14.17. We
have ko = Q. We easily see that there is a unique character of conductor v/—7r,
and so p* coincides with xk*\ of §14.17. Therefore C,,, and C of §14.17 are both
Q-rational and have the same zeta function over Q. Thus they are isomorphic
over K by Lemma 14.5 (i). We can even show that they are isomorphic over
Q as follows. In general the isomorphism class of a Q-rational curve of the
form C(7ws, wa) over Q is determined by the set of numbers Q*t*wsy. If K =
Q(+v/—7), the set is Q*ws. Moreover, another such curve C(7wj, wh) isomorphic
to C(Twa, we) over K is not isomorphic to C(Tws, we) over Q exactly when
Q*w) = v/=7Q*wy. This is a special case of Theorem 15.10. In the present
setting, the set Q*ws for Cy., is Q*2mip7(07), and the set for C is Q*wq with
wy = 2milea(7)|V/? as in (13.34). Since both ¢7(07) and |eo(7)|Y/? are real, we
cannot have /=7 as a quotient of the periods. Therefore C,, must be isomorphic
to the curve C of (13.34) over Q.

14.19. Let K = Q(¢) and I' = SN G with
(14.23) S={zeU|det(z) —1=<4Z, (1, 1)z —(1,1) < 4Z}.

We easily see that I" coincides with I of §10.7. Define ¢ by (14.5) with 7 = i and
put ¢ = (1+4)%v. If s € v} and s—1 < ¢, then ss?—1 < 4Z and (1+i)s—(1414) <
4r, and so we see that ¢(s) € S. We now consider the map ¢ of (14.13) with
©(z) = Fi(z; 1/4,1/4). Then ¢ € #+1(I, Q(i)) and (i) becomes the basic
constant Fy(i; 1/4, 1/4) discussed in §§13.7 and 13.8. Moreover the equation of
the curve C; is Y2 = 4X3 + 16X, as Ey(i)/F1(i; 1/4, 1/4) = —4/5; see (13.16).
Given y € v}, there exists ¢ € {1, +i} such that (*'y—1 <c. Put s ="'y
and 7 = q(s)~!. Then r € S, and for w = ai +b we have s~ (ai+b) =a'i +V,
where (a/, V') = (a, b)r. By Lemma 14.3 (ii), ¢[" = ©{det()™"} = . Therefore
by (14.3), (14.6) and (14.13) we have

E(w)W = ()1 = (p() " Fy(is a, )}, ,
— (pli) " Fu(is ' V), _y y = &5~ w) = £(Cy ).
This shows that the Hecke character 1 of K determined by C; is given by

¥(y) = ¢, which means that the ideal character A of §13.7 corresponds to .
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Take the curve C(iw, w) of (13.19) with w as in (13.20). Then the map f :
(X,Y) — (v*X, 43Y) with v =1+ gives an isomorphism of C(iw, w) onto C;
rational over K, and these curves determine the same Hecke character . Thus,
by Lemma 14.5 (ii), L(s, ) is their zeta function over Q, but clearly they are
not isomorphic over Q. However, the map x — f((l + z)x) gives a Q-rational
isogeny of C' to C;.

It is natural to compare L(1/2, \) with the “period” 2wiF}(¢; 1/4, 1/4). In
fact, from (13.22) we obtain

(14.24) L(1/2, ) = =27 (1 4 )miFy (i; 1/4, 1/4) = w/4.

We will explain the conceptual meaning of the factor 1+ 4 in Theorem 15.10
and §15.11.

14.20. Let us insert here a remark about the L-function of the character
po Ny g of Theorem 14.7. As noted in §14.6, there are exactly [k : K] such
characters p of K, that produce the same character po N k- If we fix one
such character u, then every other character of that type is of the form xu with
a character £ of K /K* Ny, i (ky), and vice versa. Then we easily see that

(14.25) L(s, poNyg) = HL(s, kL),

where the product is over all the characters x of Kx/K* Ny i (ky). Conse-
quently L(1/2, o Ny k) is the product of the quantities L(1/2, A) with the
characters A we discussed in Section 13.

14.21. Let us next consider the case K = Q(¢) and ¢ = 20t, 0 = /-2 asin
§13.16. This case is different from the cases we discussed with K = Q((), Q(i),
and Q(+/—T7), as a nontrivial abelian extension k of K appears. Put

(14.26) x(a) = <—1>, o(z) = Fi(z; 1/4, 0).

a

Then ¢ € #1(Q) and ¢|17 = x(ay)p for every v € I'°(4). Therefore, by
Lemma 14.3 (i), oIl = x(a,)p for every 2 € U°(4). Define ¢ by (14.5) with o
a —2b
b a ]
Clearly v, C W for every prime p # 2. At the prime 2, put ¢ = 20ts. Then
we easily find that if = € g(1 + ¢2), then = € U°(4) and x(a;) = 1, and so
14 o C W. Let ¢ be the projection of 1 + ¢ to Ky. Since —e? € 1+ ¢y, we see
that 2 € KXW and ((e2) = —1, where f3 is as in Theorem 14.9. If ¢ € KXW,
then 3(¢)? = —1, which is a contradiction, as the values of 3 must belong to K.
Thus ¢ ¢ K*W. Now t5 is generated by ¢ and 1+ ca. Since K5 = K*KJ )
and € € W, we have [Kx : K*W] =2, and so [k : K] = 2. Now from (13.45b,
e, f) we see that Q(c2(0), c3(0)) = Q(v2), and so k = K(V2) = K (i).

as T; define also W and k as in Theorem 14.9. We have g(bo+a) = [
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Define C, with ¢ of (14.26) and p by (14.11). Then p corresponds to the
character A of §13.17. (Recall that p is defined only on K*W and there are
two extensions of p to K4.) By Theorem 14.9 and Lemma 14.5 (ii), the zeta
function of Cy over Q(v2) is L(s, AoNj, ). By (14.25) we have L(s, AoNy,/ i) =
L(s, A\)L(s, k\), where « is the quadratic Hecke character of K corresponding
to the extension k. We easily see that x(atr) = x(ao”) for o € v prime to ¢ and
kA = X. We gave L(1/2, ) in (13.46), and we can similarly determine L(1/2, X)
by replacing i by —i in (13.42).

So far we have considered only the members of the family {C} of (14.12). In
a more general case we can state the following result:

Theorem 14.22. Let C be an elliptic curve which is defined over Q and
isomorphic to C/(Zt + Z) with 7 € K N H, where K is as in §14.4. Let n be a
nonzero holomorphic 1-form on C defined over Q, and ¢ an element of <% (Q)
such that ¢(1) # 0. Then [ n € Qmo(r) for every ¢ € Hy(C, Z).

PROOF. Define C, by (14.12) with the present . Let ' = dX/Y defined on
C,. Since C, is K,,-rational and isomorphic to C/(Z7 + Z), we can find a Q-
rational isomorphism f of C, onto C. Then no f = an’ with a € QX. Therefore
our problem can be reduced to C;. Since C; = C(Tw, w) with w = 27wip(7), for
every ¢ € H(Cr, Z) we have [ 1 € Ztw + Zw C Kw, from which we obtain
the desired fact.

The above theorem can be generalized to the case of abelian varieties with
complex multiplication; see [S98, Sections 30, 31, and 32].

14.23. Put 7(z) = A(2)V/** = gV [[° (1 — "), g = e(2), as usual. As
we already mentioned in §14.12, we can take this n as the function ¢. To study
this case, put

 12g2(2) _ V27gs(2)
(14.27) Y2(2) = Nz’ 73(2) = W

Then the curve C, of (14.12) takes the form

(14.28) V2 =4X% — y2(2) X — 873(2).

We can easily verify that

(14.29a) 12(2)? =34(2),  vs(2)? =4(2) —12%
(14.29b) Y2(2 +1) = e(=1/3)72(2), 72(—27") = 72(2),
(14.29¢) v3(z+1) = —3(2), (=271 = —3(2).

The functions 7 and 3 were introduced by Weber, and the numerical values
of 7,(7) for many imaginary quadratic 7 were given in [Web]. We already
employed such values in §§13.13 and 13.17. Several explicit examples of curves
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of the type (14.28) and the Hecke characters associated with them were given
by Rumely in [Ru]. It may be an interesting exercise to find more examples
of curves and L-functions by using such results of Weber and others, and to
compare L(1/2, \) with the periods.

14.24. The curve C; for 7 € KN H with any choice of ¢ € @ (Q.p) has the
property that its torsion points are rational over K. Therefore, if K = Q(v/—/)
with a prime ¢ =1 (mod 8) and Z7 + Z is a fractional ideal, then for any choice
of ¢ the field Q(c2(7), c3(7)) cannot be the field of moduli Q(j(7)); see the last
statement of Section 5 of [S71b].

14.25. Given \ as in §13.5, put
(14.30) F(2) =2 AoN®'*e(N@E)2)  (z€H),

where ¢ runs over the integral ideals in K. Then we can show that f is a cusp
form of weight v + 1, and

(14.31) /Ooo fliy)y*tdy = (2m) 5T (s)L(s — v/2, \).

Thus we can study the value L(k/2, \) as special cases of the values of the Mellin
transform of a cusp form. For a full discussion of this topic, the reader is referred
to [S76b], [S7T7], and [S78c]. In this book, however, we have restricted ourselves
to the case of Hecke characters of an imaginary quadratic field and concentrated
on the problem of how to find numerical values. We also view the periods as the
values of modular forms of weight 1, as we think that such is more natural and
practical than the periods of the cusp form of (14.30) in the case of L(s, ) of
our type, and also that this aspect of the periods has been neglected by previous
researchers.



CHAPTER VI

SUPPLEMENTARY RESULTS

15. Isomorphism classes of abelian varieties
with complex multiplication

15A. The general case

15.1. The isomorphism class of an elliptic curve with complex multiplica-
tion depends on the choice of a field of definition over which isomorphisms are
considered. In the first part of this section we will investigate some problems
concerning such isomorphism classes more generally for abelian varieties with
complex multiplication. The case of elliptic curves will be treated in the second
part. Hereafter all algebraic number fields in this section are subfields of C. We
let p denote complex conjugation and its restriction to any subfield of C.

Let F' be a totally real algebraic number field and K a totally imaginary
quadratic extension of F. We call such a K a CM-field. By a CM-type we
mean a pair (K, ) consisting of K and a set & = {p, }?_;, where n = [K : Q]/2
and the ¢, are ring-injections of K into C such that {¢,, ¢, p}7_; is the set of
all ring-injections of K into C. Once (K, @) is fixed, we denote by K* the field
generated over Q by >."'_ o for all « € K. This of course depends on &, but
there will be no confusion, as we consider K* with a fixed (K, ). It is known
that K* is a CM-field. For these and other basic properties of CM-fields and
CM-types, the reader is referred to [S98, §§18.1 and 18.2]. In particular, if ¢ is
a ring-injection of a CM-field into C, then pp = pp.

We now consider a structure (A, ¢) consisting of an abelian variety A defined
over a subfield of C and a ring-injection ¢ of K into End(A) ® Q. We view A as
the set of points with coordinates in C, but say that A is defined (or rational)
over a subfield k£ of C if A is a projective variety defined over k. Let a be
an element of K such that ¢(a) € End(A). Then ¢(a) acts on the space of
holomorphic 1-forms on A. This action can be extended to a representation of
K on that space. We say that (A, ¢) is of type (K, @) if that representation is
equivalent over C to « +— diagla®, ..., a®"].

Let o be an order in K that is not necessarily maximal. Put

113
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W(o) = {z € 0™ |zar =1}, Wo(o) = {z/zr |z € 0*}.

Since K is a CM-field, for € W(o) and every ring-injection ¢ of K into C
we have |[2¥]? = z¥x%P = z¥xP? = (z2f)? = 1. Such an algebraic integer x
must be a root of unity. Thus W (o) consists of the roots of unity contained in
0. Clearly Wy(o) C W (o).

Lemma 15.2. We have [W (o) : Wy(0)][o™ : (6*NF)W (0)] = 2. Consequently
[W (o) : Wy(0)] <2, and [W (o) : Wy(0)] = 2 if and only if 0* = (¢ N F)W (o).

PRroOF. For simplicity we will write W and Wy for W (o) and Wy(0). Put also
W2 = {¢*|¢ € W}. Since ¢? = (/¢* for ¢ € W, we have W2 C Wy C W, and
(W : W2 = 2, as W is cyclic and contains +1. Put g(z) = z/2” for = € o*.
Then g(0*) = Wy and g((o* N F)W) = W?2. Suppose g(z) € W? with = € 0*.
Then x/z° = (? with ( € W, and so (("'z)? = (" 'z. Thus (~'x € F, which
shows that = € (0X N F)W. Therefore [Wy : W2] = [0* : (o NF)W]. This proves
our lemma.

15.3. If F = Q, then K is imaginary quadratic and o* = W(o0), and so
[W (o) : Wy(0)] = 2. However, if F # Q, it can happen that W (o) = Wy(0). For
instance, take a real quadratic field F' with a totally positive fundamental unit
e. Let K = F(n) with n2 = —¢ and let o be an order in K containing 7. Then
—1=mn/n" € Wy. If W # Wy, then Wy = W2, and so —1 = % with an element
i of W. Thus in € F, as (in)? = in, and ¢ = (in)?, which is a contradiction.
Therefore W (o) = Wy(o0) in this case.

Given (A4, 1) and (A, /) with the same K, by an isogeny resp. isomorphism
of (4, ¢) to (4’, /), we mean an isogeny resp. isomorphism f of A to A’ such that
fi(a) = (a)f for every o € K. We say that (A, ¢) is rational, or defined, over
k, or simply k-rational, if A and () for every a € K such that t(a) € End(A)
are defined over k.

A CM-type (K, P) is called primitive if ((K) = End(A)® Q for every (A, ¢)
of type (K, ®). This is so if and only if ¢«(K) = End(A)®Q for any single choice of
(A, 1) of type (K, ®). Also, for (4, ¢) of type (K, ®), we have ((K) = End(4)®Q
if and only if A is simple, that is, A has no nontrivial abelian subvariety (over
C) other than itself. For these, the reader is referred to [S98, Section 8].

Given (A, 1) of type (K, @), we denote by vp the restriction of ¢ to F, and
define the k-rationality of (A, tr) as a natural analogue of that of (A, ¢).

Lemma 15.4. Suppose (K, ®) is primitive. Let (A, 1) be of type (K, D).
Then the following assertions hold

(i) If (A, V) is of type (K, @), then every isogeny of A to A’ is an isogeny of
(A, 1) to (A, ).

(ii) Suppose A is defined over an algebraic number field k; then (A, ) is k-
rational if and only if K* C k.
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(iii) If (A, tr) is rational over an algebraic number field h not containing K*,
then [hK* : h] =2 and h N K* is the mazimal real subfield of K*.

(iv) If A is defined over an algebraic number field h such that h N K* is
the mazimal real subfield of K*, then [hK* : h] = 2, (A, tp) is h-rational, and
t(a)? = v(a”), where o is the generator of Gal(hK*/h).

PROOF. Assertion (i) is included in [S98, §14.1, Proposition 1], (ii) in [S98,
§8.5, Proposition 30], and (iii) in [S98, 20.4, (iv)]. To prove (iv), put k = hK™*.
Then clearly [k : h] = 2 and ¢ = p on K*; also, (4, ¢) is k-rational by (ii).
Define ¢; : K — End(4) ® Q by t1(a) = ¢(a”)? with ¢ as in (iv). Now
the representation of ¢1(a) on the space of holomorphic 1-forms has eigenvalues
{arero}n_, . For every m € Z, > 0, and o € K we have Y ._,(a™)?" € K*,
and so Y.I_ (arero)m = 3" (afvr)m = {30 (™)} which equals
S (™) =3 (af)™, as p = o on K*. Consequently {af¥v7}7_| =

v=1 v=1

{a®v}"_, which means that (A, ¢1) is of type (K, @). Applying (i) to the identity
map of A to itself, we see that ¢; = ¢. Thus (a”) = 1(a)?, and so t(a) = t(a)?

if « € F, which means that (A, ¢p) is h-rational. This completes the proof.

15.5. We now fix a primitive CM-type (K, ®). If (A4, ¢) is of type (K, D),
then A is isomorphic as a complex manifold to C"/p(a) with a Z-lattice a in
K, where p is the injection of K into C™ defined by p(a) = (a®*)l_;; see
[S98, §6.2]. Then we say that (A, ¢) is of type (K, @, a). Clearly the set of data
(K, &, a) determines the isomorphism class of (A, ¢) over C. The lattice a can
be replaced by Sa with any 5 € K*. Also, if

(15.1) o={yeK|yacCa},

then ¢(0) = «(K) N End(A). Now suppose (4, ¢) of type (K, , a) is rational
over an algebraic number field k. Let kj denote the idele group of k. Then
(A, ¢) determines a Hecke character v of kx by which we can describe the zeta
function of A over k. This ¢ is defined by natural generalizations of (14.7a, b)
and (14.8); see [S98, 19.8 and 19.10]. We do not make precise statements here,
as they are unnecessary for our treatment. We denote by ¥ (K, @, a, k) the set
of all such characters. Then every element ¢ of ¥ (K, @, a, k) determines the
isomorphism class of (A, ¢) over k, and vice versa,; see [S98, 19.11 and 19.12]. We
have K* C k by Lemma 15.4 (ii), but often (4, tr) can be defined over a field
not containing K*. We therefore ask whether the isomorphism class of (A, tr)
can still be determined by .

To answer this question, we take the following setting. We fix an algebraic
number field h satisfying the following condition:

(15.2) hN K* is the mazimal real subfield of K*.

Given such an h, we put k = hK*, fix ¢ € (K, D, a, k), and let =(a, ¢, h)
denote the set of all k-rational (A, ¢) of type (K, @, a, k) such that A is h-
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rational and (A, ¢) determines . By Lemma 15.4 (iv), (4, tp) is h-rational for
(A, 1) € Z(a, ¢, h). From Lemma 15.4 (i) we see that (A, ¢p) is isomorphic to
(A, Vr) over h if and only if A and A’ are isomorphic over h. Thus, if (4, ¢)
is taken from ='(a, v, h), then the isomorphism class of A over h is practically
the same as the isomorphism class of (A, tp) over h. Notice also that all the
members of Z(a, ¢, h) are isomorphic over k, as mentioned above.

Theorem 15.6. Define o by (15.1). If Z(a, ¢, h) is nonempty, the following
asssertions hold:

(i) The number of the isomorphism classes over h of the structures (A, tr)
obtained from (A, 1) € E(a, 1, h) is exactly [W (o) : Wy(0)].

(ii) All such structures (A, tp) are isogenous over h.

ProoF. For simplicity we will write W and Wy for W (o) and Wy(0). We
prove (i) in four steps.

(1) Let o be the generator of Gal(k/h). Let us fix a member (A, ¢) of
Z(a, ¢, h) and let (A’, /) € Z(a, ¢, h). Then ()’ = 1(a”) and /()7 =/ (a”)
for every « € 0 by Lemma 15.4 (iv). Take a k-rational isomorphism f of (4, ¢)
onto (A, /). Then we easily see that f7 is also such an isomorphism, and so
f7 = foule) with € € 0*. We have f = (f?)? = f%(e)? = foi(eeP), and
so ee? = 1; thus € € W. Suppose ¢ € Wy. Then ¢ = n/n” with n € 0*. Put
g = fou(n). Then g is k-rational and g% = f%t(n?) = for(en?) = g. Thus g
gives an h-rational isomorphism of (4, tp) onto (A4', ).

(2) Next suppose that f7 = fou(e) with & ¢ Wy. Suppose that there exists
an h-rational isomorphism p of (A, tr) onto (A’, ¢=). Then by Lemma 15.4 (i),
p gives an isomorphism of (A, ¢) onto (4’, /), and so p = for(y) with v € 0*.
Thus p=p° = f7%1(y?) = for(ey?), and so € = v/y” € Wy, a contradiction.

(3) Given another member (A", ") of Z(a, ¢, h), take a k-rational isomor-
phism f1 of (A, ¢) to (A", ") and put f{ = fioi(e1) with g1 € 0*. Put also
g = fiof~% Then g is a k-rational isomorphism of (A4’, /) to (A”, (") and
g% = got/(e1/¢). Applying the results of (1) and (2) to g, we see that (4', /&) is
isomorphic to (A”, ) over h if and only if &1/e € W.

(4) Suppose [W : Wy] = 2; take ¢ € W, ¢ Wy. Put ¢ = ¢(¢). Then ¢
is a k-rational isomorphism of (A, tr) onto (A, tp) = (A, tp)?, and @70 =
1(¢P¢) = ¢(1). Therefore the simplest case of Weil’s descent criterion guarantees
a structure (A’, /) such that (A4’, /) is h-rational and a k-rational isomorphism
f of (A, 1) to (A’, /) such that f = fp. Then f° = fou((~'). Combining
this with (3), we obtain (i).

To prove (ii), take (A’, /), f, and & as in (1). Since ee” = 1, we can find an
element « of K* such that € = a/a”. Replacing a by its suitable multiple, we
may assume that « € 0. Put g = for(a). Then ¢% = f7i(a”) = for(ea”) = g.
Thus ¢ is an h-rational isogeny of (A, ¢) to (A’, /). This completes the proof.
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Lemma 15.7. Given (A, t) as in §15.5, let C be a polarization of A. Then
the following assertions hold:

(i) The field of moduli of (A, C, ) does not depend on the choice of C.

(ii) The field of moduli of (A, C, vr) does not depend on the choice of C.

(iii) If K has no nontrivial automorphism other than p, then the field of moduli
of (A, C) coincides with the field of moduli of (A, C, tr).

(iv) If (A, tp) is rational over a field k, then C contains a divisor rational

As to the definition of a polarization and the field of moduli, the reader is
referred to [S98, Sections 4 and 17, Proposition 17.2, in particular].

PrROOF. The last assertion is [S98, 20.17]. To prove (ii), take another polar-
ization Cy of A. Let X resp. Y be a basic polar divisor in C resp. Ci; let ¢
and ¢; be the corresponding isogenies of A into the Picard variety of A; see
[S98, §1.3]. Then ¢1 = wot(a) with a € F as shown in [S98, §14.2, Proposi-
tion 2]. Let M resp. M’ be the field of moduli of (A, C, tr) resp. (A, C1, ).
Take o € Aut(C/M). Then there exists an isomorphism A of (A4, C, tp) to
(A, C, 1p)? and A\(X) is algebraically equivalent to X7, and so ¢ = Ao 970 A by
[S98, p. 6, (7)]. Thus @1 = o0 Nor(a) = Ao 0r(a)o X = tXopJo A\, which
means that A(Y) is algebraically equivalent to Y?. Thus A is an isomorphism
of (A, Cy, tr) to (4, C1, tF)?, and so o is the identity map on M’. This shows
that M’ C M. Similarly, M C M’, and so M = M’, which is (ii). We can simi-
larly prove (i). In fact, M K™* is the field of moduli of (4, C, ¢) as shown in [S98,
20.3, (ii)]. (Take F to be D there; then K is F there.) To prove (iii), suppose
there is an isomorphism f of (4, C) to (4, C)? with o € Aut(C). Then there
exists an automorphism v of K such that foi(a) = t(a?)% f for every a € K.
If K has no nontrivial automorphism other than p, then fou(a) = t(a)% f for
every a € F, and so f is an isomorphism of (A, C, tr) to (A, C, tz)?. Thus
o is the identity map on the field of moduli of (A, C, ¢r). From this we obtain
(i)

15.8. Let (A, C, ¢) be as in Lemma 15.7 and let k = hK* with h satisfying
(15.2). In [S71b, Theorem 9] we showed that there exist exactly two isomorphism
classes of (A, C, tp) over h for a fixed isomorphism class of (A, C, ¢) over k.
However, as Theorem 15.6 shows, it can happen that the structures (A, ¢p) for
such two isomorphism classes of (A, C, tr) form one isomorphism class over h.
The difference is caused by the fact that ¢(g) for € € 0 is an automorphism of
(A, ¢), but not an automorphism of (A, C, ¢) unless ege” = 1.

15B. The case of elliptic curves

15.9. In the one-dimensional case, K is an imaginary quadratic field em-
bedded in C. We take the identity embedding of K into C as @, and so @ can
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be disregarded and K* = K. Also, an elliptic curve has a unique polarization,
which can naturally be disregarded. Thus an elliptic curve of type (K, a) for a
Z-lattice a is isomorphic to C/a. We fix an algebraic number field h containing
the j-invariant of C/a but not K, and put k = hK; we define o by (15.1). The
isomorphism class of E over k determines a Hecke character ¢ of kj, and vice
versa.

We now take an h-rational elliptic curve E isomorphic to C/a, and denote
by t(a) for a € K the element of End(F) ® Q corresponding to multiplication
by a on C. We can let ((K) act on the homology group Hi(E, Q). Then there
is an element ¢ of Hy(FE, Q) such that Hy(F, Z) = t(a)c. We call such a ¢ a
basic cycle on F relative to a. (Strictly speaking, it is a homology class.) Once
a is fixed, ¢(0*)c is determined. (If we identify Hy(F, Z) and Hy(F, Q) with
a and K, then c is represented by 1.) Take an h-rational holomorphic 1-form
n on E. We then put

(15.3) Qa(E) = h*0*wy, wo = /77,

and call Q4(F) the set of basic periods on E relative to a. Clearly this set is
independent of the choice of ¢ and 7, and it is determined by the isomorphism
class of E over h, but it depends on a. Indeed, if we replace a by [a with
B € K*, then ¢ must be replaced by «(371)c. Thus

(15.4) Qpa(E) = 71Q(E) (B e KX).

However, our idea described in the following theorem is to compare 4 (E) with
Q4 (E") for E' isomorphic to F with a fixed a. As can easily be seen, once a is
chosen, the stated result is meaningful, and it does not depend on the choice of
a.

Theorem 15.10. With a, h, k, and v as above, let =(a, ¢, h) be the set of
all elliptic curves E that are h-rational, isomorphic to C/a, and determine
over k. Then the following assertions hold:

(i) All members of Z(a, 1, h) are isogenous over h, and divided exactly into
two isomorhism classes over h.

(ii) Let e be the order of o* and let Y = {y € k*|y® € h}. Then [V :
h*e*] =2.

(iii) If E, E' € Z(a, ¢, h), then YQ4(E') = Q4(E) with some v € Y. More-
over,

E' is isomorphic to E over h <= Qqu(E') = Qq(F) < v € h™o*.
(iv) Y/h*0* is represented by
{1,144} if o=12[],
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{1, V=m} if o#Z[i], K=Q(vV-m),0<meZ.

PROOF. Assertion (i) is a special case of Theorem 15.6. To prove the remain-
ing part, fix E in =(a, ¢, h), take any E' € =Z(a, 9, h), and write E and E’ in
the forms

E:y? =42® — gow — g3; E':y? =4a® — ghw — g5,

with gy, g/, in h. It is well known that every isomorphism of E’ to E can be
given by ¢, : (z, y) — (v?z, v3y) with a constant ~ such that go = y*g5 and
g3 = v°g4. We have e = 4 if and only if g3 =0 and e = 6 if and only if go = 0;
e =2 if gags # 0. Thus we see that v¢ € h, and so y € Y. If n =dz/y on E,
then ¢, sends 7 back to y~1dz/y on E’. Thus Qq(E’) = vQq(FE). Take another
E" € Z(a, ¢, h) and ¢, : B — E with € € Y. Suppose Q4(E’) = Q,(E"). Our
task is to show that £’ and E” are isomorphic over h. Since £Q4(E) = vQq(E),
we can put ¢ = b with b € h* and ¢ € 0. Replacing ¢, by ¢, and E’ by
a suitable elliptic curve isomorphic to E’ over h, we may assume that b= 1, so
that ¢ = (. Now «(¢™!) sends dz/y to (~'dz/y, and so t(("1)o ¢, sends n
back to (v¢)"'dz/y on E’. Thus t(("1)ow, = @¢. Since € = ¢, we see that
E’' and E"” are isomorphic over h. This proves (iii). Now every element ~ of
Y defines an isomorphism ¢, of the above type, and so we see that Y/h*0*
corresponds to the isomorphism classes over h. Therefore from (i) we obtain
[Y : h*0*] = 2, though this can be proved more directly in an elementary way.
The last assertion is an easy exercise, which is left to the reader.

15.11. We add two remarks.
(A) We see from (iv) that the two isomorphism classes over h for the curves
in a fixed Z(a, ¢, h) can be represented by a pair {F, E’} given as follows:

(15.5a) E:y? =423 — gox — g3; E' 2 = 42® — m2gox + m3gs;
(15.5b) E:y? =423 — gou; E' :y? =42° + 4gox.

Here (15.5a) concerns the case K = Q(v/—m), 0 < m € Z, 0 # ZJi] (even if
g293 = 0); (15.5b) applies to the case o = Z[i]. If K = Q(¢) and o # Z[i], then
we use (15.5a) with m = 1.

We mention the curves y? = 423 — 4z and y? = 423 + 162 discussed in §14.19
as easy examples. They are isogenous over Q, isomorphic over K = Q(i), but
not isomorphic over Q. They determine the same zeta function over Q, which
equals L(s, A\) with the Hecke ideal character A\ of §13.7.

(B) We take 7 € K N H and consider a member C, of the family of curves
{C.} defined in (14.12) with a fixed ¢ € #1(Quap) such that ¢(7) # 0. Put
h = Q(c2(7), c3(7)) with ¢, asin (14.12). Then C; is h-rational and isomorphic
to C/a with a = Z7+Z. Let ¢ be the cycle on C; corresponding to the cycle of
C/a represented by the line segment connecting 0 to 1. Now the curve C; can
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be written C(7w, w) with w = 2mip(7) as noted in §14.8. Clearly w = [ dx/y,
and so

(15.6) Oa(Cy) = h¥0* - 2mip(r)  (a =27 + 7).

Therefore we can often determine the isomorphism class of C; over h by checking
the value of (7). We discussed an example with K = Q(v/—7) in §14.18.

16. Holomorphic differential operators on the upper half plane

16.1. So far we have taken the weight k£ to be an integer. But what concerns
us in this section is formulas of type (8.7), and so we can take k to be an
arbitrary complex number by choosing a suitable branch of j& = (c,2 + d,)*.
We don’t have to worry about the ambiguity of such a factor, because once a
branch is chosen, then j 2P for p € Z can be defined by j57% = (coz+d,)?P 5%,
and any formula of the type X (f|lxa) = (X f)|lk+2pa should be understood with
such factors. For instance, we can easily verify that (8.7) is valid in that sense
for every k € C.

We now define a sequence of operators {2} }72, acting on functions f on H
by

(161) Q,[Z];f Z ;D ch fz/ l(f/)pfl/f(l/)7
() — (P v—1 (k +p) . B I'(k+p)
ch(k) = <u)k Tt if v>1, cll)(k‘)_(p—l)m,

where we put f' = (9/0z)f and f*) = (9/9z)" f, though f is merely differ-
entiable and not necessarily analytic; we understand that I'(k + p)/ F(k +v) =
H (k + p) for 0 < v < p. The leading term of A} f is kP~1 fP~ 1£®) and the

term for v =11is (=1)P~"1(p—1) Huzl(k—i—u) ~(f)P. For 2 < p <4, AL f takes
the following forms:
AL = k[P = (k+1)(f")
WS =KL = 3k(k + 211 TP + 20k + 1) (k + 2)()°,
LS = KAFD — AR (k + 3) f2f FO) + 6k(k +2)(k + 3) f(F)F
—3(k+1)(k+2)(k+3)(f)*
Theorem 16.2. (i) Let 6% be the operator defined by (8.5). Then

(16.2) AL f = Z k) fY (0 )P S

In other words, AL can also be defined by substituting 6} f for f@) in (16.1).
Moreover,

(16.3) W (fllee) = (AL F)llkprop @ for every o € SLy(R).
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(ii) If fe NP, I') with ® and I" as in §8.2, then (2mi) " PAL f belongs to

/2’;‘:@{)(@, I'). In particular, (2mi) PUALf € L kprop(®, I') if f€ Mi(P,T).

PRrROOF. Let 2'f denote the function on the right-hand side of (16.2). Put
n(z) = z—z = 2iy as we did in (8.3). From (8.11) we see that A'f =

P _on VP, f, where P, f is a polynomial in f, f’, ..., f®) with constant co-
efficients, and we easily see that Pyf = 2} f. We are going to show that ' f is
holomorphic if f is holomorphic. Then that will mean that P,f =0 for v > 0
if f is holomorphic, as n~! is algebraically independent over the field of all
meromorphic functions on H. Since P, f is a polynomial in f, f’, ..., f® with
constant coefficients, we have P, f = 0 for an arbitrary f if v > 0, which shows
that A} = 2, which is (16.2). Thus, hereafter we take f to be holomorphic;
then our task is to show that (9/9%z)(2' f) = 0. We first note that

(16.4) n?(0/02)67 f = m(k+m—1)6;""'f if f is holomorphic,

which easily follows from (8.11). We have 'f = Y7 _ (-1)P""c(k)F, with
F, = fv=1(6, f)P~V6% f. By (16.4) we have

n20F, /0% = (p — v)kf (S )PV 00 f + vk +v — 1) fr = (0p f)P26 7 f

The first term on the right-hand side vanishes if v = p. We can easily verify that
P (k) times the second term equals the first term for n20F,_,/0% if v > 2. If
v = 2, it coincides with 720F;/0z. Thus, with the factors (—1)P~", we obtain
the desired equality (9/9z)(20 f) = 0. This proves (16.2).

Once (16.2) is established, (16.3) follows from it by virtue of (8.7). The
first part of (ii) can easily be verified by using (16.2), as Dy sends A (P, I') to
JVZj-Vzu(@v I') by Lemma 8.3 (i). To prove the remaining part, let f € .#(®P, I').
By (16.1) and the first part of (ii) we see that (27i) P2 f is a holomorphic
element of A%, 42,(®, I') which equals 4 kp12,(®, I'). Next, take o € G and
put g(z) = (fllka)(z) = >0y ane(nz/N) with a,, € C and a suitable N €
Z, > 0. By (16.3), (A} f)|lkptope = g = > .7 bpe(nz/N) with b, € C, and
clearly by = 0. Thus g € Lrptop(I), and so (2m8) PULf € M pprop(P, ') N
ykp+2p(r) = yk;ﬂ+2p(¢a F)'

16.3. Let us now consider an operator £ acting on functions f on H of the

form

(16.5) Qf =P(f, f', ..., f™), f =(0/02)f, ..., f=(0/0)"f
with a polynomial P(Xy, X1, ..., X,,) in indeterminates X, with coefficients in
C satisfying

(16.6) A(fllke) = Qf)|lme for every a € SLy(R)

with two numbers k and m independent of f and «. We can prove that such
an operator can be reduced to a polynomial of 2% f for 2 < p < n as described
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in Theorem 16.4 below, provided k # 0. For k = 0 we need an operator B85
defined by

(16.7) BEf=27(f) (B<peZ).
From (16.3) we immediately obtain
(16.8) B (foa)=(BEf)|lap—a for every a € SLa(R).

Before stating the theorem, we introduce the notion of weight. We say that a
polynomial P(Xy, X1, ..., X,,) with coefficients in C is of weight « if it is a C-
linear combination of the monomials X¢ = [['_, X& such that }.|'_ ve, = k.
For instance, 2} f as a polynomial in f, f', ..., f®) is of weight p; it is also
homogeneous of degree p. The polynomial we consider may not involve some of
the X,. If it is a polynomial R(Xs, ..., X,,), for example, we still view it as a
polynomial in {X, }7_, and speak of the weight as above.

Theorem 16.4. Suppose an operator Q defined by (16.5) satisfies (16.6).

Put P(Xo, X1, ..., Xn) = >, c.X®, where ¢, € C and X¢ = [[_, X for
e= (e, ... ,en), 0 < e, € Z. Denote by P, the sum of all c.X° with e such that
Yo o€y = p, and put Q. f = P,(f, ..., f). Then the following assertions
hold:

(i) Qu(fllee) = (Quf)|lma for every a € SLa(R).
(i) Py, is of weight x with an integer K such that m — pk = 2k.

iii) Suppose k # 0; then Q,f = fFFRRA2f, ..., A7 f) with a polynomial
" k k

R(Xs, ..., X,) of weight k. Conversely, given a polynomial R(Xa, ..., X,,) of
weight k, take a positive integer p so that fH= "R(AZf, ..., AT f) is a poly-
nomial in f, f', ..., f. Then f — FERER(ALS, ..., AR f) is an operator of
type (16.6) with m = pk + 2k.

(iv) Suppose k = 0; let S(Yo, Y3, ..., Yy,) be a polynomial in indeterminates
Yo, Ys, ..., Y, that is a linear combination of monomials YobD HZ=3 Y such
that
(16.9) —bo+ Y (v—1b, =0

v=3

with an integer o that depends only on S. Put
Rf = (f)S((f)2f, BEf, .- . BEf)

with an integer T such that the right-hand side is a polynomial in f, f', ...,
f). Then % is an operator of type (16.6) with k = 0 and m = 4o + 27.

Moreover, every Q,, at the beginning of the theorem with k = 0 is of this type
with c =Kk —p and 7 =2u — K.

PrROOF. We can put Q = EZ:O Q,, with some ¢. Since Q,(bf) = b"Q,, f for
b € C, we have
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q q

D v (fllke) = Qb [ka) = Q0f)llma =D 0 (Quf)llme

pn=0 pn=0
for every a € SL2(R) and every b. Thus we obtain (i). Next, take a =
diaglt, t7'] with ¢t € R*. Then (f|ra)®) = t>+#f0)(22), and so from (16.6)
we see that ¢, # 0 only if m = >°"'_ e, (k + 2v). Therefore, if p = Y1_.e,
and k = Y, _ge,v, then m = pk + 2k. This proves (ii). To prove (iii), put
g, = fW/f and A, = f7PALf for any fixed f and k # 0. Then f~#Q,f
and A, are polynomials in g1, ..., g, of weight k and n, respectively. Since
the leading term of A,, is k" 'g,, we can express f~#Q,f as a polynomial in
g1, -+ 5 Gn—1, An. Replacing g¢,_1 similarly by A, 1 and repeating the same
procedure successively, we eventually find that f=#Q,f = F(g1, A2, ..., Ay)
with a polynomial F, which is clearly of weight . Put ¢ = f||za and j = cz+d

with a = [CCL Z] € SLy(R). Substitution of ¢ for f in f7#Q, f replaces g;

by 72(g1 o) — kej~! and A, by j=?(A, o). Thus

(f7#Quf) o= j" 1o 10
= J*F(j(g100) —kej ™!, (A2 00), ..., 72 (4s o))
:F(g1oa—kcj, Asoa, ..., Anoa)7

1

3

as F' is of weight k. We see that j(a™!(2)) = (a — cz)™!, and so applying a~
we obtain

F(g1, Ay ...y Ay) = F(g1 —ke(a—c2)71, Agy .. Ay)

for every a € SLy(R). Thus clearly F' does not involve g;. This proves the first
part of (iii). The converse part follows directly from (16.3).

Next suppose k = 0; put h, = f*)/f" and B, = (f')'"PB5f. Observe that
(f)~"Q,f and B, are polynomials in hg, ha, ..., hy. The leading term of B,
is 2P72h,, and so replacing h, by B, successively in the same manner as in the
proof of (iii), we find that (f)"#Q,f = G(ho, he, Bs, ..., By,) with a polyno-
mial G. Now G(hg, ha, Bs, ..., By) is a linear combination of the monomials
hg®hg?Bg® --- Ba», and so 9,,f is a linear combination of

CORCORS | (b Fk
p=3
with some a; € Z. (Notice that a; may be negative, though the other a, are
nonnegative.) Now Bf f is of degree p — 1 and of weight 2p — 2. Since Q,,f is
of degree 1 and weight x, we have

n n
u:a0+a1+a2—|—Z(p—1)ap, fi:a1+2a2—|—22(p—l)ap,
p=3 p=3
and so
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(%) K— = fa0+a2+Z(pf ap.

p=3
Put ¢ = foa and j = cz + d with a as above. Substitution of ¢ for f
in f7#9Q,f replaces hg by j2(hooa), hy by j~%(haoa)—2¢cj~!, and B, by

j>7%(B, o a), and therefore we have
[(f/)_”Q”f} oa= jm—Qﬂ(@’)—HQM(p
= 2 G(2(hg 0 a), j~2(hs 0 a) — 26§, j~H(Bsoa), ... , 2 (B, 0 a))
:G(hooa, hooa —2¢cj, Byoa, ..., Bnoa),

1

in view of (x). Applying o', we obtain

G(ho, hg, Bg, e Bn) = G(ho, hg — 2C(a — CZ)il, Bg, RN Bn),
and so G does not involve hs. Thus, removing ho, we have

Quf = (FG(f/f, (f)2B3f, ... (f) "By f)
= (f)2 G((f)2f, B, ..., BLS)

by virtue of (x). This proves the second part of (iv). The first part follows
immediately from (16.8). The proof is now complete.

It should be noted that the exponent p — x in (iii) above can be negative.
For example, we easily see that

(16.10) S+ DALf +3(k+2)(k + 3)(A2)*}

is a polynomial in f*) for 0 < v < 4 of degree 2. Thus p = 2, k = 4, and
m = 2k + 8 in this case.

16.5. Some results of the same type as Theorem 16.4 were obtained by
Rankin [Ran]. He constructed a sequence of operators {1, }52,, where ,, sends
automorphic forms of weight k to those of weight kn + 2n, and showed that
all operators of the same type as the above Q can be reduced to {¢,,} in the
same sense as in Theorem 16.4. However, the set of our forms as a whole is quite
different from what he defined. His form 4, is defined by a determinant, which
has 277! terms and involves some awkward coefficients so that his proof requires
many different arguments according to the nature of k, whereas our 2} f has
only n terms and simpler coefficients, and k = 0 is the only exceptional weight
that requires a separate argument. Besides, our proof of (16.3) and that of the
above theorem are far shorter than the proof of the corresponding facts for v,
in [Ran].

There is a formula of the same nature considered by Henri Cohen. In [C] he
introduced the following operator acting on a pair of functions (f, g) on H:

P — - qyw (P F(k+p)F(m—|—p) (p—v) ,(v)
1611 84,09 = 20" (1) my gy 9
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where the notation for the derivatives is the same as in (16.1). Then he proved

(16.12)  §} . (fllxew, gllma) =T} . (fs Ollktm+2pa for every o € SLy(R).

Let us now present an analogue of (16.2), which will lead to a simpler proof of
(16.12).

Theorem 16.6.

p = (P _LEPTmAD) o o

PRrROOF. This can be proved by the same idea as for (16.2). Let & denote the
right-hand side of (16.13) and let 1 = 2iy as before. Then R = Zip:o 7
with polynomials 9y in f*) and ¢®*) with constant coefficients. Clearly Qo =

Z’m(f, g). Assuming f and g to be holomorphic, by (16.4) we have

n*(8/9z) (6, " f - 61m9)
=(p-v)k+p—v— 1)5£7”71f org+vim+v—1)00"f- dr=lg.

Then we easily see that 1%(9/9z)R = 0 for holomorphic f and g, and so Qy = 0
for A > 0if f and g are holomorphic. Since 9y is a polynomial in f*) and ¢®*)
with constant coefficients, we can conclude that Q, = 0 for A > 0 for arbitrary
f and g. Thus R = Qg as expected. This completes the proof.

Once (16.13) is established, combining it with (8.7), we immediately obtain
(16.12). This is much simpler than the proof of (16.12) given in [C]. However,
equalities (16.2) and (16.13) are significant on their own, and should not be
viewed as tools for proving (16.3) and (16.12).

16.7. The special case f = g is worth discussing. Define an operator €? by
P
I(k+p)? _
16.14) erf=S"(-1~ (? =) p) 27).
(16.14)  &f ;; )(u>r@+p—wr@+mf f7 ez

This equals S'gk(f, f). We assume p to be even, as the sum vanishes if p is odd.
Now, from (16.12) and (16.13) we obtain

(16.15) L (fllee) = (F f)llok4op @ for every o € SLa(R),

p 2
1610 s =300 (1) ot
v=0

k+p—v)[(k+v)

We easily see that 2(k + 1)22 = €2 and €} f equals 2k=2(k + 2)(k + 3) times
(16.10). It should be noted that (16.1), (16.7), (16.11), and (16.14) are meanigful
for functions defined on an arbitrary open subset of C, and (16.3), (16.8), (16.12),
and (16.15) hold for every a € SL2(C), provided the symbols involved in the
formulas are well defined.
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From these we obtain an interesting class of differential equations 2} f = 0
and €} f = 0. Equalities (16.3) and (16.15) show that the set of solutions in
either case is stable under the map f — f|ra for every o € SLy(R) or even for
a € SLy(C). In the case of the equation €} f = 0 we see that any polynomial
q(z) in z of degree < p/2 is a solution, and so ¢||z« is also a solution for every
a € SLy(C). Considering z”||pa with a = {2 _Cd
Zi‘zo(cyz +d,)"F" with A = (p/2) — 1 and complex constants c,, d, is a
generic solution of €} f = 0.

As for AL f = 0, we take r(z) = 2~ ¢ with ¢ € C. Then the equation r =0
produces a polynomial equation of degree p for ¢, and ¢ = 0 is always a solution.
For example, the equation is ¢(c — k) =0 if p =2 and c¢(2c — k)(c—k) =0
for p = 3. Taking r||ra, we find that the set of solutions consists of (az + b)~*
if p=2, and of (az +b)~*/2(cz +d)~*/? if p =3, where a, b, ¢, d are complex
constants. (In fact, the equation Qli f = 0 can be solved in an elementary way
without using (16.3).) The case p > 3 is more complicated. In any case, the
nature of the solutions of 2} f = 0 is different from that of the solutions of
€V f =0, and therefore 2} and €% form different classes of operators. Also, this
type of analysis seems to suggest that these operators restricted to .#(I") are
injective, which is certainly true for Qli7 Ql%, and €%,

We give here some explicit examples of 27 f :

(16.17)  (2mi) 22 E, = (1/60)4, (2mi) 3A3E, = (—50/7) B A,

(2mi) 22 Eg = (—20/T)E4 A, (2mi) 22, A = —240E4 A2,

(2mi) AP, = AFPF; — 2713,
where F, = Fy(z; ¢y/3, d,/3) of §10.8. We can find A} f also for nearly holo-
morphic f. For example, from (9.9a, d) and (16.2) we obtain

(16.18)  (2mi) 2A2E, = 4E} — 10E2E, + (7/6)EyEg — (25/12) E2.

1
] , we eventually find that

16.8. We add here a few remarks on the operator Lj defined by
(16.19) Lif = Dif +2kEx f,
which we mentioned in Lemma 8.3 (iii). We can easily verify that

(16.20a)  Li(fllxe) = (L f)llk+2 @ = 2k(E2 — Ex[l2a)(fllke) (€ Gy),
(16.20b) Lite(fg9) = (Lif)g + f(Leg),

(16.20c) L (f™) = mfm Ly f.

From (8.18) we see that Li2A = 0. Since (16.20c) holds for m € R, we have
Ly (AF/12) = (k/12) AF/12=1L15 A = 0. Suppose Lif = 0 with a holomorphic
function f. Then, by (16.20b), Lo(A~F/12f) = (L_, A~F/2) f + A=F/12[, f = 0.
Since Ly = (271)~19/0z, this means that A=*/12f is a constant. Therefore every
holomorphic solution f of Ly f =0 is a constant times AF/12,
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A1l. Integration and differentiation under the integral sign

Al1l.1. Let X and Y be either open subsets of R™ or Z, or their prod-
uct. We take the standard discrete topology and the point measure on Z,
and so we can speak of C-valued continuous or measurable functions on X
and Y. Given a measurable function f on X, we say that f is integrable
on X if [ |f(x)|dx < co, in which case [, f(x)dx is meaningful and finite. If
X C Z, then [ f(z)dz =Y, . f(n). Also for a measurable function g(z, y)
for (z, y) € X x Y, we can speak of its integrability on X x Y. Now we ask the
question when

(ALL) /X/Yg(x, y)dydx=/y/xg(w, y)dxdy:/XXyg(x, y)d(z, y)

is valid. Here we say that the first double integral is meaningful and finite if
g(x, y) is integrable on Y for almost all = and [, g(x, y)dy as a function of =
is integrable on X.

Theorem A1.2 (Fubini-Tonelli). Suppose that one of the following three in-
tegrals is meaningful and finite:

/X/Ylg(x, y)|dydz, /Y/X\g(x, y)|dady, /Xxy|g(x, )ld(z, ).

Then the other two and the three integrals of (Al.1) are meaningful and finite,
and (A1.1) holds.

This is given in any textbook on real analysis. If Y = {n S/ } n > O} and
X C R", for example, the theorem means that

(A1.2) /ngn(x)dx:g‘égn(x)dx

is justified if Y07, [ [gn(2)|dz < co. In most applications g is continuous, but
we cannot assume everything to be continuous for the following reason. Take

for example g(z, y) = 2~V for X = (1, 00) and Y = (—1/2, 1/2). Then

127
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fX g(z, y)dx < oo or = oo according as y # 0 or y = 0, so that h(y) =
J + 9(z, y)dx is not continuous in y. However, it is measurable and integrable on
Y, and ¢ is integrable on X x Y.

Theorem A1.3. (1) Let A be a nonempty open subset of R; let f(t, x) be a
C-valued function of (t, x) € Ax X with X as above such that |f(t, x)| < ¢(x)
on AX X with a function ¢ integrable over X. Suppose also that f is continuous
i t for each fized x and measurable on X for each fixed t. Put

p(t) = /X F(t, 2)dz.

Then p is continuous.

(2) Suppose moreover that (0f/0t)(t, x) exists and is continuous on A, and is
measurable on X (in the same sense as above); suppose also that [(0f/0t)(t, )|
<(x) on A x X with a function 1) integrable over X. Then dp/dt exists and

dp [ Of
@ ) ot (t, z)dz.

PRrOOF. Take any sequence {a, } in A converging to a point a of A. The ex-
istence of ¢ allows us to apply the Lebesgue convergence theorem to {f(an,, )}
to find that

lim p(a,) = lim flay, x)dx = / lim f(an, )dz = / fla, z)dz = p(a).
X b'e

n—oo n—oo X n—oo

Since this is valid for any such {a,}, p is continuous.

To prove (2), put ¢(t) = [(8f/0t)(t, x)dx. Our result of (1) shows that ¢
is continuous. Take a small interval (a —e, a+¢) C A and for 0 < h < € observe
that

a+h
p(a—!—h)—p(a):/x[f(a+h, ) - f(a, :n)]da::/X/ (OF /0t)(t, 2)dtdz
a+h a+h ¢
_ / / (Of /o) (t, x)ddt / g(t)dt.
a X a

Here Theorem A1.2 is applicable because of the integrability of . Similarly
p(a) —pla—h) = [, q(t)dt. Therefore dp/dt = q(t).

The differentiability with respect to a complex variable requires weaker as-
sumptions. Indeed we have:

Theorem Al.4. Let X be as above and let A be a nonempty open connected
subset of C; let f(z, x) be a C-valued continuous function of (z, xz) € A x X,
holomorphic in z. Then the following assertions hold:

(1) (8/02)*f(z, =) is continuous on A x X for every a € Z, > 0.

(2) Suppose f(z, x) is integrable on X locally uniformly with respect to z € A
in the following sense: for every compact subset K of A there exists a constant
My such that [ |f(z, )|de < Mg for every z € K. Put



Al. INTEGRATION AND DIFFERENTIATION UNDER THE INTEGRAL SIGN 129

:/Xf(z, x)dx

Then g is holomorphic on A. Moreover, (0/0z)° f(z, x) is integrable on X locally
uniformly with respect to z € A for every a > 0, and
d%g 0 f
= d .
dze x 020 (2, @)dv

PROOF. For ¢ € A and 7 >0 put D(c,7) = {z € C||z — | < r}. Take
r so that D(c, 2r) C A, and denote by v the circle |z — ¢| = 2r in the positive
direction. Then we have

Pl [ L),

0z° 2mi w — z)ot!

for z € D(e, 7). The integrand f(w, z)/(w—z)?Tt is continuous in (w, z, z), and
so we obtain the continuity of 9* f /0z*. By our assumption in (2), [y |f(w, z)|dz
< M for every w € v with a constant M; hence [y |f(w, z)/(w — 2)*"!|dx <
Mr=*=Yif z € D(c, r), and so |f(w, z)/(w — 2)*!| is integrable on v x X if
z € D(c, r). Consequently

/X (8/02) f (2, @)|de < //

it z € D(c, r). Thus (0/02)*f (z, x) is integrable on X locally uniformly with
respect to z € A. Now, taking a = 0, we see that

) [

If z and 2’ belong to D(c, r), then

() - |—27r//{ i
/|//|fwx||dw|d:z:<2r_1M|z 2.

This shows that ¢ is continuous.
Once the continuity of ¢ is established, for |z — c| < r we have

=g [ [ e mia = o [ [ L dedo = o [

By a well known principle, this shows that ¢ is holomorphic, and moreover,

d*g  a g(w) al // flw, z)
— dw = —— 7d d
dze — 2mi - z)a‘*‘1 YT o v Jx (w—z)ett L

o°f
2m/ / w—2) a+1d wdx N (z, x)dx

for |z — ¢| < 7. This completes the proof.

— a+1 dz|dw| < al2r=*M

|z—z

2mr2
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A2. Fourier series with parameters

A2.1. In the setting of §2.2 we consider a C-valued C* function f(z, y) of
(z,y) € F x D, where F = R"/L with a lattice L and D is a nonempty open
subset of R™. The Fourier coeflicients of f in this case are functions of y given
by

(A2.1) celn) =vol(F)™ [ fa wel="ee)aa (€D

where L is defined by (2.5). In this case we can show that

(A2.2) f@,y) = caly)e('an),
a€el
and the right-hand side is absolutely and locally uniformly convergent on F' x D.
To state this fact in a stronger form, we put (9/9z)* = [[_,(9/0x,)* for
every a = (a1, ..., a,) € Z" with a, > 0, and define similarly (9/dy)® for
every b € Z™ with nonnegative components. We also put |a| = >"'_; a,,
HE (Zﬁzl 53)1/2, and 2% =[[_, 2% for z € C".
Theorem A2.2. The Fourier coefficient c¢(y) is C*™ in y, and
(A2.3) (0/02)(0/dy)" f(x, y) = (2mi&)*(D/dy) ce (y)e(*Ex)
¢el
for every a and b as above, where the right-hand side is absolutely and uniformly

convergent on F x K for every compact subset K of D. In particular, (A2.2)
holds.

PROOF. Take L = L = Z" for simplicity. If ¢ and h are C™ functions on
F, then repeated integration by parts shows that

/ h(a)(8/0) g (x)d = (~1)1° / 9(2)(8/02) h(x)dz.
F F

Applying this to f(z, y) and e(—'£x), we obtain

/F (8/02)" f (. y) - e(—"€x)da = (2mi€) ce(y).
By (2.7) we have
(A2.4) S Jeely) 2 (2n€) % / (0/02)° f(z. y)de.

£el
Given a compact subset K of D, we can find a constant M (a, K) such that the
right-hand side of (A2.4) is < M(a, K) for every y € K. Taking a positive integer
p > n/2, observe that [|£[|? = (>,_; 512,)1) < B jaj=p £2¢ with a constant u
depending only on n and p, so that Z‘a‘:p(%rf)% > M\[[€]|?P with a constant
A Tt is well known that > .cp €7 is convergent if 2p > n. Call the sum
Z, and put M, = Z‘a‘:p M (a, K). Then the Schwarz inequality shows that
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002) 2 { 3 el Semere} | S )

0#E€L lal=p 0#E€L
1/2
= |Cg<y>|{ Z(zw@?a} 1 = 272 S Jee(y)
0#£L€L la|=p 0#££€l

if ye K. Thus > g ecr, |c§(y)’ is uniformly convergent on K. Applying this to
(0/0z)* f(z, y), we find that > ., |(27r§)“c£(y)‘ is uniformly convergent on
K. By virtue of Theorem A1.3 we obtain (A2.3) for b = 0. Now with a fixed b
put

de(y) = /F (0)09)" £ (z, y)e(—"€x)da.

Then Theorem A1.3 shows that c¢(y) is C°°, and d¢(y) = (9/9y)’ce(y). There-
fore, taking (0/0y)’f(z, y) in place of f(z, y), we obtain (A2.3) in the most
general case.

A3. The confluent hypergeometric function

A3.1. To study the analytic nature of Eisenstein series, we introduce one
type of confluent hypergeometric function as follows. For y > 0 and (o, 3) € C?
put

(A3.1) (y; o, B) = /(X> e V(L + 1) .
0

This is convergent if Re(8) > 0, and holomorphic in («, §) by virtue of the
principle of Theorem A1.4. We have obviously

(A3.2) (0/0y)r(y; @, B) = =7(y; @, B+ 1).

Since (1 +t)* = (1 +t)* (1 + ), we obtain

(A3.3) Tyt 1, B)=7(y; o, B) +7(y; o, B+1).
Integration by parts (taking (d/dt)[e™¥*(1 + ¢)*t°]) shows

(A3.4) Briy;a+1, B)=yr(y; a+1, B+1) —ar(y; a, B+1)
for Re(B) > 1. Let us now put

(A3.5) V(y; o, B) = e 2 T(8) "y 7(y; o, B).

This is called a Whittaker (or confluent hypergeometric) function. From
(A3.4) we obtain

(A3.6) Vy;a+1,8)=V(y;a+1, B4+1) —ay 'V(y; a, B+1).

This shows that V' can be continued as a holomorphic function in (a, ) to the
whole C2. Now we have
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(A3.7) Pria 9= [y e
0
Therefore we see, at least for Re(3) > 0, that
(A3.8) lim ey/QV(y; a, B) =1.
Yy—00

Since this is consistent with (A3.6), we can easily verify that (A3.8) holds uni-
formly for (o, 3) in any compact subset of C2.

Lemma A3.2. For every compact subset K of C? there exist two positive
constants A and B depending only on K such that
|e¥/2V (y; a, B)| < A(l +y_B) if (o, B) € K.
PROOF. If Re(a — 1) < n with 0 < n € Z, we have |(1 +t)*71 < (1 +
H" =31, (Z) tk for t > 0, and hence for W (y; o, 8) = e¥/?V (y; a, 3) and

Re() = b > 0, we obtain
Wiy 0, B)] < ITB) S (’;) | e
k=0 0

>

=0

(1)@ oy

This proves our lemma for Re(8) > 0. The general case can be reduced to this
special case by (A3.6).

Lemma A3.3. V(y; 1 -6, 1—«a) =V(y; a, B).
PrOOF. For Re(a) > 0 and Re(3) > 0 we have, in view of (2.1h),

FB)r(y; 1 -8, a) = /OOO e VI(B)(1 4+ t) Pt tdt

o0 oo o o0
:/ e_yt/ e_“(Ht)uﬂ_lduto‘_ldt:/ e_“uﬁ_l/ e~ w1l gp gy
0 0 0 0

—1(@) [ ety du = @)y s 1 0, ),
0
which gives the desired equality, as V' is holomorphic on the whole C2.
Lemma A3.4. If Re(a+ ) > 1 and z =z + iy € H, then
Z (z4+m) "z +m) P =if~>2r)th Z e(nz +iln|y)gn(y; o, B),

meZ neZz
where g, 1s given by
n®+tP=Ll r(4rny; a, B) if n>0,
T(Q)T(B)gn(y; o, B) = { [n|*TP~ L r(4rn|nly; B, a) if n<0,

Dla+ 3 —1)4ry) 2P if n=0.
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Here, for v € C* and « € C we define v* by
v® = exp(a log(v)), —m < Im[log(v)] < .

Then v+ = v¥B v™* = (v*)™ for m € Z, and (uv)® = u®v® provided
arg(u), arg(v), and arg(u) + arg(v) are all contained in the interval (—m, «] for
suitable choices of arg(u) and arg(v).

PrOOF. The sum on the left-hand side is absolutely and locally uniformly
convergent for z € H and Re(a+ ) > 1; the right-hand side minus the constant
term is absolutely and locally uniformly convergent for z € H and all (o, 3) € C?
by virtue of Lemma A3.2. Therefore it is sufficient to prove the formula for
Re(a) > 0 and Re(8) > 0, since the equality in the general case is obtained by
analytic continuation. Put f(z) = 27z % for 2z = 2 + iy with a fixed y. By
(2.9) we have, for Re(a + 8) > 1,

D G+m)E+m) =" flat+m) =" f(n)e(nz

meZ meZ neZ
where f(t) = gz “Z ~Pe(—tx)dr. This is convergent for Re(a + 3) > 1. As-
suming that Re(«) > 0 and Re(5) > 0, and employing (2.1h), we have

f@t)y =i /OO (y —iz)~%(y + iz) Pe(—tz)dx
=i’ (a / / rw=i2) o=t gr (y + iz) Pe(—tx)dx

:zﬂ_af( )~ / e TVpaT 1/ m(r_%t)(y—i-ix)_ﬂdxdr
0 — 00

=7 . iﬂfaf(a)flf(ﬁ)*le%”y‘/ 672ryra71(r _ 27Tt)ﬁ71 dr,
2

Ta

where a = Max(0, t). Putting r = 27p, we thus find that

o0
P@T(F 1) = (2r)* 77 7 [ etmmmyeip - 1ay,
a
Putting p —t = tq or p = —tq according as t > 0 or ¢t < 0, we find that the
last integral equals t* TP~ le= 4™ r(4nty, o, B) or [t|*TBLr(4x|tly, B, a). If
t =0, the integral becomes I'(ac 4 3 — 1) (4my)' 8. This completes the proof.

We now study the analytic nature of the series € of (9.1). We have shown
that it is absolutely convergent for Re(s) > 1 + k/2, and therefore it defines a
holomorphic function in s on that half-plane. More strongly we have

Theorem A3.5. There is a real analytic function of (z, s) € H x C which
is holomorphic in s and which coincides with s(s — 1)I'(s + k')&N(z, s; p, q)
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for Re(2s) + k > 2, where k' = Max(k, 0). The factor s(s — 1) is unnecessary
if k # 0. If k =0, then I'(s)€Y(z, s; p, q) has residue TN~2 at s = 1, and
—0(p/N)é(q/N) at s =0, where 6(x) =1 if x € Z, and §(z) =0 otherwise.

ProoOF. We have

EN(z 50, 0) =y*5(p/N) > nFn[>

0#n€q+NZ

—k
+ +
FYNTEE DL D <mZN : M) 5t

0£mep+NZ [(€Z

—2s

Here the first sum consists of the terms of & with m = 0. Apply Lemma A3.4
to the sum over ¢. (If m < 0, we have mz +n = —(|m|z —n), and so after
multiplying by (—1)¥, we can employ Lemma A3.4.) Then for Re(2s + k) > 2
the second line of the right-hand side can be written

, I'2s+k—-1) _ o
. —k22—k—23N—1 1—-k—s k 1-2s
() wei e D N
0#mep+NZ
(27.‘.)164—23 N-— k— 29y

+ T(s) (s + k)

e((tz +iftly)/N) Ai(y, 5),
0AtEZ
T(4r|tly/N, s+ k,s) if t>0,

B k 2s+k—1
Ay, s) = > e(emqn/N)ek |n| '{T(4w|ty/N» s,s+k) if t<0,

t=|m|n
where 0 Z#n € Z, 0 # m € p+ NZ, and ¢, = m/|m|. Now the magnitude
of A; (appearing in the “nonconstant terms”) for an arbitrary s € C can be
majorized by Lemma A3.2. There are two “constant terms;” one is ySM(iN(s)
and the other is

(2 —1
@sth=1) e (o 172),

(A3.9) Y R T R

disregarding some elementary factors, where M k n is as in (3.5). Their analytic
nature can be derived from Theorem 3.4. Thus the whole sum of (*) is meaningful
for every s € C, and we eventutally find the results as stated in our theorem.
Though the statements about the poles and residues can be seen from the above
expansion, we already proved them in Theorem 9.7.

It should be noted that
(A3.10) I'(s)I'(s+(1/2)) =='/2217251(2s), I(s)['(1—s) =n/sinTs.

A3.6. To study the behavior of ¢ at s = 0, we first note
n—1

) s s =3 (", ) TG 0<nc)

pn=0
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(A3.12) {W}ﬂ:_m = i <’Z> ﬁ(y )yt (0<meTZ).

pn=0 v=1
The first formula can be obtained from (A3.1) by applying the binomial theorem
to (1 +)"~!. From Lemma A3.3 we obtain

Ty B) Ty 1-B1-a) 1,4
e~ ra-a 7

This combined with (A3.11) proves (A3.12). In particular, taking n = 1 and

m = 0, we obtain

(A3.13) T(y; L, B) = T(B)y~",
(A3.14) (4 o B)/T(B)] ,_p = 1.
Take § =0 in Lemma A3.4. Then we see that g,(y; o, 0) =0 if n <0 and

Re(a) > 1, and also that g,(y; o, 0) = n®~1/I'(a) by (A3.14). Therefore we
obtain the Lipschitz formula (2.13) as a special case of Lemma A3.4.

A3.7. Let us now prove (9.4) which concerns the expansion of ¢ (z; p, q)
defined by (9.2) when k& > 0. We take s = 0 in the sum expression in the
proof of Theorem A3.5. Naturally we have to evaluate A;(y, s)/I'(s) at s = 0.
If ¢ < 0, the quantity involves 7(Y; s, s + k)/I'(s), which is 0 at s = 0, as
7(Y; «, k) is finite for every a € C. If ¢ > 0, we have 7(Y; s+ k, s)/I'(s) =1
at s = 0 by (A3.14), and obtain the “nonconstant terms” of (9.4) as stated.
As for the “constant terms,” the only nontrivial point is the value of (A3.9) at
s = 0. For k > 2, MF (s —1/2) is finite at s = 0, and so (A3.9) vanishes.
If k¥ =1, we already noted in (9.6a) that M;’N =0for pe NZ. If p ¢ NZ,
then M) y(—1/2) is finite, and we obtain (9.5b) for k = 1. Suppose k = 2.
Then the value in question involves I'(s)™'M? (s — 1/2) at s = 0. By (3.6),
M? y(s —1/2) = M) (s +1/2). By Theorem 3.4 the last function has a simple
pole at s = 0 with residue N~!. (Notice that the factor (N/7)*I'(s) produces
N'/2 at s = 1/2.) Therefore we obtain (9.5b) for k = 2. This completes the
proof of (9.4).

A3.8. Next we prove (9.14). We assume k > 1 and take s = 1 — k in the
sum expression in the proof of Theorem A3.5. The nonconstant terms involve
7(Y; s+k, s)/I(s) for t > 0, which is Y*~! at s =0 by (A3.13). For t <0 we
note that 7(Y; s, s+k) is finite for Re(s+k) > 0, and so 7(Y; s, s+k)/I'(s) =0
for s =1 — k. Thus we obtain the nonconstant terms as stated in (9.14). As for
the constant terms, the easier one is y55(p/N)M(iN(s). Let k = 2m — r with
m € Zand r = 0or 1. Then M}y (s) = D} \(2s+k) by (3.12) and M} \ (1—k) =
Dl n(2—k) =D y(r+2—2m) =0if m>1 by (3.13a). If k=2 and m =1,
then M? y(—=1) = DY) 5(0) = —d(¢/N) by (3.13b). Therefore we obtain (9.15a).
Finally we have to evaluate (A3.9). We have MI’f’N(s —1/2) = D) x(2s+k—1),
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whose value at s = 1 —k is D} (1 — k), which equals —2k~'N*=1By(p/N)
by (4.13). To evaluate I'(2s + k —1)/I'(s) at s =1—k, put m =k —1 and
s =0 —m. Then

I'2s+k—-1) I'(20—m) F(2U)ﬁ o—v

I'(s)  I'(c—m) I'(o)

20 — v’

which takes the value 1/2 at ¢ = 0. Combining these together, we obtain (9.15b).
This completes the proof of formula (9.14).

A3.9. We end this section by mentioning the paper [S85] which concerns
eigenforms of invariant differential operators in the Hilbert modular case, which
include generalizations of the Eisenstein series of (9.1). Such forms have Fourier
expansions in terms of the functions 7 or V. Here we note three noteworthy
facts proved in [S85], of which the first two are relevant to the present book: (1)
every holomorphic modular form is the sum of a cusp form and an Eisenstein
series; (2) the functional equations of such generalized Eisenstein series stated
in a form different from Theorem 9.7; (3) it is shown in Proposition 10.1 of that
paper that V satisfies a differential equation of the second order.

A4. The Weierstrass p-function

A4.1. In this section we recall several basic facts on p. Let L = Zw; + Zws
as in §10.1. We have shown in §7.1 that >y ¢, [w[™° < oo if 2 <s € R. We
now consider

fk(u)ZZ(u—w)_k (ueC,¢L, 3<keZ).
weL

This is uniformly convergent in any compact subset B of C such that BNL = (.
Indeed, we can put, for 0 < A € R,

fr(uw) = Z (u—w)™*+ Z (u—w)™".
jwl<24 wl>24

The first sum is a finite sum. If |w| > 24 and « < A, then |u — w| > |w|/2, and
so the second sum is majorized by 2% Y~ Zwel |w| =¥, which proves the desired
fact.

For each w € L we see that fj,(u)—(u—w)~* is holomorphic in a neighborhood
of w, and so fj is a meromorphic function on C which has a pole of order k at
every w € L. In particular, take k£ = 3. Then

—2fs(u) =202 -2 > (u—w)"?
0#weL

is a meromorphic function on C, and the last infinite series is uniformly conver-
gent on B as above. Therefore
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- Y /Ou(u—2w)3du

0#weL

is also uniformly convergent on B, if the path of integration is taken within B.
Since — [’ 2(u — w) 3du = (u — w) % — w2, we find that

u 2+ Z {(u —w)? - w_z}

0#w€eL
is a holomorphic function on C outside of L. We also see that it defines a mero-
morphic function on C with a pole of order 2 at every w € L. This is called the
Weierstrass p-function and denoted by p(u). Strictly speaking, p is a function
in three varables u, w1, ws, but for the moment we suppress w; and wo,

Let ¢'(u) = dp/du. Then ¢'(u) = —2>  ; (u—w)~®. We have
pu+w)=p(u) and @ (u+w)=p'(u) forevery we L,
p(—u) = p(u) and @'(-u) = —p'(u).
These formulas for ¢’ are obvious. Also, changing w for —w, we obtain p(—u) =
p(u). Next,
(d/du)[p(u+w,) — p(u)] = p'(u+w,) — p'(u) =0 for v=1,2.

Thus p(u + w,) — p(u) = ¢, with a constant ¢,. Put ©v = —w, /2. Then ¢, =
p(wy/2) — p(w,/2) = 0, which proves that p(u+ w,) = p(u) for v = 1,2, and
consequently p(u +w) = p(u) for every w € L.

Our next task is to prove (10.3b) and (10.3d). We start with

p(u) =u=?+ Z w {1 —u/w)? =1}

0#w€eL

Since (1 —z)"2 ="  nz" !, we have

n=2

0£wEL n=2 0F#weL
The last sum over w is nonzero only when n + 1 = 2m with 0 < m € Z. Then
the sum is Gay, of (10.2). Thus p(u) =u™2+ > °_,(2m — 1)Gapu*™~2, which
is (10.3d). From this we find expansions

o(u) = u=2 4+ 3G4u? + 5Geu* + -+,

o (u) = —2u=3 + 6Gu + 20Geu® + -+ -,

o(u)? =u"5%+9Gu"?+15Gg + - - -,

o (u)? = 4u=% — 24Gu=2 — 80Gg + --- .
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Put F(u) = ¢'(u)? — 4p(u)? + 60G4p(u) + 140Gs. Then we see that F is finite
and zero at u = 0. Thus F defines a holomorphic function on the comapct
Riemann surface C/L, and so it must be a constant. (Take, for example a
compact subset K of C that covers C modulo L. Let M be the maximum of
|F| on K. Then |F| < M on the whole C. A bounded holomorphic function on
C must be a constant.) Thus F' must be identically equal to 0, as F'(0) = 0.
Putting g, = 60G4 and g3 = 140Gg, we obtain (10.3b).

We mention two important facts without proof.

(I) The field C(p, ') generated by the functions p and g’ over C is the field
of all meromorphic functions on C/L.

(II) The map u — (p(u), ¢'(u)) gives a biregular map of C/L onto the
projective curve associated to the affine curve Y2 = 4X3 — g5 X — gs.

A4.2. Here we give a proof of (10.12). We have
o(u; 2, 1) =u2 + Z {(u—mz—n)"2 — (mz+n)"?}.
0#(m,n)€Z?

Dividing the last sum into the sum for m = 0 and the remaining terms, we
obtain

plus 2, 1) =u2+ 37 {(w=—n)-n"?}

0#n€eZ
+ Z Z{(u—mz—n)ﬂ—(mz—i-n)*z}
O#mEZ neZ
:722n72+2u7n +nguz

nez
where
z) = Z {(u+mz+n) 2+ (mz+n—u)"?} -2 Z(mzdrn)*2
nez neZz
We have 7 n~? = 72/6. Also, by (2.14) and (2.16), Y, cz(u —n)"? =
—4r?e(u){1 —e(u)} =2 and

(271) 29 (u, 2) = Z n{e(mnz + nu) 4+ e(mnz — nu)} — 2 Z ne(mnz),

provided Im(z #wu) > 0. (The inequality is unnecessary if we use (2.16).) Given
0<NeZ,0<r<N,and s € Zsuch that (r, s) ¢ NZ? put ( =e(1/N), q=
e(z), and qy = e(z/N); take v = (rz+s)/N. Then e(u) = (°qly, e(mztu) =
CisqﬁTqm, and Im(z £ u) > 0. Therefore we obtain

(2mi)2p((rz+s)/N; 2, 1) = — —2 Z an %
ay)

m=1 n=1
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S

m=1 n=1

which gives (10.12).

A5. The action of Gao4 on modular forms

A5.1. We now prove the existence of the action of Gay on Y, @ (Qab) as
stated in §14.2. For a € G4 and a function f on H we put

(A5.1) (flea)(2) = (caz +da) 7" f (a(2)).

Clearly flra = det(2) ¥ f|[pa. If f € #(Qap), then flra € @ (Qan) by
Theorem 1.5. By Theorem 1.9 (ii), Gal(Qab/Q) acts naturally on .#(Qab),
and this action can be extended to Y, <% (Qab) as noted in §14.2. Thus for
y € Qx and f € #(Qab), ¥} is a well-defined element of .27, (Quap).

Lemma A5.2. If ¢ € 9 (Qub) and x = diag[l, t~1] with t € [[ ZX, then

» Ly
ot coincides with the image of ¢ under x defined in [S71, §6.6] and written
7(x)
©™\@),

Proor. By [S71, Proposition 6.1], &% (Q.p) is generated by J(z)and f,(z),
where J(z) is as in (10.4d) and

ful2) = g(A)(g‘;”F( W), acQ? ¢z,
with Fy of (10.10c). Therefore it is sufficient to prove our lemma when ¢ is
J or f,. This is trivial for J, as J™*) = J = J{}  The image of f, under
x 18 fur as noted on the last line of [S71, p.149]. We have shown in (14.3a)
that Fj(z; a) = Fy(2; ax). Now g, g3, and A are invariant under {t}. Thus
(f) 1 = far = (f2)™®) as expected. This proves our lemma.

Theorem A5.3. There is an action of Gat on Y e (Qab), written
(z, ) — f for x € Gay and f € (Qup), with the following properties:

() (f +9)[x fEL gl (fg)ltl = fleglel.

(i) (/)0 = fleal

(iii) flol = fla if a € G4.

(iv) fld =t if o = diag[1, ¢ with t € [, Z

(v) A1 (Qab) are stable under the action of [z ]

(vi) The action of = on (Qap) is the same as that of x defined in [ST1,
§6.6].

(vii) For every f, the group {x € Gayt ’ flel = f} contains U, for some n.

PrOOF. To simplify our notation, in this proof we write f* for fI*I. For a
fixed k € Z, > 0, put
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B(z) = ¢1, 2%, T=T(4)NTo4), xla) = (_1>

a

where gafx is the symbol of (9.10a) defined with N = 4. By (9.11d) we have
hllky = x(dy)*h for every v € I', and from (9.11c, h) we obtain

. 0 -1

_ ik _

(1) hlgt =i~ "h, L—|:1 O]'

Put T = Uy - {diag[l, t] |t € 1L, Zx}. This is a subgroup of Gay and Gay =
G4T by (14.1d). Given f € o (Qap) and = € Ga4, take o € G4 and u € T so
that = ua. Since the action of Ga on % (Qap) is already defined in [S71] and
f/h € 2 (Qab), (f/h)* is a well-defined element of 2% (Q.p). We now define f*
by

(2) [T =(f/h)" - hlxa.

This does not depend on the choice of a and w. Indeed, if z = wy with v € G4
and w € T, then ay ' =ulw € TNG, = TNG* = I and the a-entry of
ay~! belongs to 1+ 4Z. Therefore h|,a = h|y7y, which proves the desired fact.
Taking f to be h, we find that h"* = h|,«, and in particular, h* = h for every
ueT.

From this definition of f* we can easily derive (i), (iii), and (vi). If  and ¢
are as in (iv), then f* = (f/h)*h. By Lemma A5.2, (f/h)® = (f/h){} = f{t}/h,
and so we obtain (iv). Given f € @%4(Qab), we can find a positive multiple n
of 4 such that f/h € #(kn, I'(n)). Then f/h is invariant under U,; see [ST1,
(6.6.3)]. Thus for x € U, we have f* = (f/h)h = f, which proves (vii). Taking
X of (14.1d) to be U, we see that the images of f under G4 are of the form
f7|ke with o € Gal(Qa,/Q) and « € G. From this we obtain (v).

It remains to prove the associativity (ii), whose proof is long; we reduce the

problem to simpler cases. We first observe that f* = (f*)?, f*8 = (f*)%, and
fre=(f")*for a, € G+ and u, v € T. Given z, y € Gay, put = ua with
u €T and a € G4; put also ay = vl with v € T and 8 € G. Suppose
(3) (9%)¥ = g for every g € @ (Qap)-
Then (f*)¥ = (f**)¥ = ((f)*)? = (f9)* = (f)7 = (f*)")° = (f)° =
fwB = fuay — ¢y Therefore the desired (ii) can be reduced to (3). Now suppose
(3) is true for some fixed «,y, and h as g. Since 2%, (Quap) = ha(Qap) and (ii)
is true for f € % (Qap), we see that (3) is true for every g € o7 (Q.p) and for the
same «, y. If (3) is true for a fixed o and arbitrary (g, y), then putting f* =g
and taking a~ly as y, we have ¢ ¥ = (fo)o ¥ = ooty — gy — (g )y,
which means that (3) is true with a~! in place of a. Therefore it is sufficient to
prove

(4) (h*)¥ = h*Y for every « € B and every y € Gay
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with a suitable set of generators B of G.

Now, given o € B and y € Gay, put y = v8 with v € T and 8 € GT

and av = wy with v € T and v € G. Then (h*)Y = (h*)" = ((h*)?)” and
heY = huvB = ((h*)7)# = (h*?)8. Thus (4) holds if h*¥ = (h)". In other words,
it is sufficient to prove (4) for y € T.
(1) ” . Therefore,
by (1.15), GT is generated by ¢+ and Py N M3(Z). Take o = ¢ and y € T. For
¢, d € U let us temporarily write ¢ = d if cd~! € Uy. Then y = diag[l, t71]
with ¢ € [[,Z);. By (14.1d), diag[t™", t] € Uy with v € G'. Then y €
G' Ndiag[t~!, t)JU; = I. Put 1y = uyt with u € Ga;. Then v € U and
u = diag[l, t71]. Thus v € T and h%¥ = A" = K" = x(d,)*h*. Now d, —
t < 4Z, and so i = x(d,)i. Thus, from (1) we obtain (h|yt)? = (i "*h)¥ =
x(dy)*i7%h = x(d,)*h*, and so h*¥ = (h*)Y.

Next let o = [8 Z} € Py N Ms(Z). Put T,,, = Uy, {diag[l, t] |t € IL, Zx},
where m = 4ad. Given y € T, we can put, by (14.1d), y = w8 with w € T,,
and § € Gy. Then w € diag[l, t~'|U,, with ¢ € [, Z, . Take a positive integer

As for B, recall that I'(1) is generated by ¢ of (1) and [

a sb
0 d
aU,,a~ C Uy, we easily see that u € T. Thus h®Y = h*w8 = b8 = 78, On
the other hand, we have

(5) (hOé)y — (hoc)wﬁ — (ha/h)wﬁhﬁ
by (2). Put h(z) =, co-17cre(rz). Then

h(z) =d =k Z cre(rb/d)e(raz/d), hY(z)=d " Z cre(rsb/d)e(raz/d).

s such that ¢! — s < mZ and put v = [ ] and u = awy~!. Since

These belong to .4 (km, I'(m)) with &, = Q(e(1/m)). Since e(1/m){t} =
e(s/m) as noted in (14.4), we have (h*){#} = h7. Now h®/h € o (km, I'(m)),
and so it is invariant under U, by (14.14a). Therefore (h*/h)" = (h®){} /h by
Lemma A5.2. Combining this with (5), we obtain (h®)¥ = (hY/h)PhP = 7P =
h®Y, which is the desired fact. This completes the proof.

We extend the action of Gat on >~ o 1(Qap) to that on Y77 o A% (Qan)-
We first introduce the following notation:

(A5.2) lal| =[Z:aZ] for ae€Qj.

Theorem Ab5.4. There is an action of Gay on 220:0 N (Qap), written
(z, f) — fl) for x € Gay and f € N3(Qap), with the following properties:

(i) The restriction of this action to M, (Qap) is the same as that of Theorem
A5.3.
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(ii) Statements (i), (ii), (iii), and (vii) of Theorem A5.3 are wvalid for the
elements of Y po o N%(Qab)-
(iii) DY (f1=)) = || det(z)||P(DL f)= if D} is the operator of (8.6).

(iv) If f(z) = Z[k/z](%ry) azzo o Can€(nz/N) € N(Qap) with can € Qap

and z = diag[l, t71] with t € II,Z;, then
[k/2] o
fElz) =" @ry) =y clite(nz/N).
a=0 n=0

(v) Let f € N(Qab), 9 € “(Qub), and 7 € K N H with an imaginary
quadratic field K; also let s € KX and v = q(s)™ with q as in (14.5). If g(7)
is finite and # 0, then so is gI"l(1) and

(A5.3) (f/g9)() et = (/g (7).

PrROOF. For f as in (iv) and o € Gal(Q.,/Q) we put formally f° =
>a@my)= >0, 7 e(nz/N). By Lemma 8.3 (ii), f can be written as a finite
sum f =) EShg with hy € M —24(Qab). We easily see that £ = E5 and

=Y ,E$h]. Since h] € M —24(Qab) by Theorem 1.9 (ii), we see that f
is an element of A% (Qap). Given such an f and = € Ga4, we can put & = ua
with v € U and o € G. Then we define f[*! by

(A5.4) flol = fWea, 00 =" Eghl

To see that this is independent of the choice of u and «, put z = v with v € U
and 3 € G; put also v = Ba~! Then ~v e I'(l), u = vy, and h[ ul hgv]hw,
and so (Y, B [u]) ko= (3, ESh!! )| %3, which gives the desired fact.

Next, let x and t be as in (iv). Then for f as above we have fI¥ =
> E2 = > ..ESh hi = f{ as expected. That (i) and (iii) of Theorem
A5.3 are valid in the present case is obvious. To prove (vii) of Theorem A5.3
for f as above, take n so that the h, are all U,-invariant. Then we have
fil =3 Eghl = f, which is the desired fact.

To prove (iii), given f and DY}, take n so that both f and D}f are U,-
invariant. Given z € Ga., by (14.1d) we can put z = u - diag[l, t !
with w € Uy, t € [[, 25, and a € G;. Then fI*} = fi| 0 and (D} f)l) =
(DY )18} 42pc. We can easily verify, by induction on p, that (DY f)° = D (f°)
for every o € Gal(Q.p/Q). Thus, by (8.7),

(DY) jqopa = DY (FI) |ip2pa = det(a) P~ F/2DP(fA)[| 1 iap0r
= det(a) "P~*/2DP(f1}||ra) = det(a) PDL(f1H ).
This proves (iii), as det(a) = | det(x)||. To prove that (fl=h = flevl it is
sufficient to prove that (E £ ])[y} = E£ Yl Now —24AE, = Dy, A by (8.18). Since

(AN = AlYl| the desired fact follows easily from (iii).
Finally, as for (v), we first prove, for a fixed 7 € KN H and r asin (v),
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(A5.5) g € (Qup) and g(1) #0, 00 <= gl'l(1) #0, cc.

Indeed, let @ = AF/'2. Then ¢ € .#1(Q), and so ¢!®! for any x € G is of the
form | with some a € G4. Thus pp["l has no zero on H. Therefore, if g €
,(Qab) and g(7) # 0, co, then gl'l(r) /() = (9/@)V)(7) = (9/p) (1)1} #
0, co by (14.6), which proves (A5.5). Now, given 7 € KNH, take o € G so that
a € Qly and «a(r) = 7. Then by (12.6a) we have E(7) = (k72 — 1)"tga(7),
where k = jo(7) and g, is an element of .#2(Q.p) given by (12.3a). With
© = A*/12 a5 above, we have

(%) Ea(7)/o(1) = (572 = 1) 7 (ga/@)(7)

Let r = q(s) as in (v). Since o € ¢(K*) by (12.1a), we have ra = ar. Thus,
applying r to (12.3a), we have gg] = Eljya — Eg]. Evaluating this at z =7,
we obtain Eg] (1) = (k"2 —1)"1gl (7). Applying {s} to (x), by (14.6) we obtain

{Bs(n)/o(r)}1™ = (672 = 1) (ga /) (1) )
= (k72 = 1)U (gl /) (7) = ES () [P (7).

Given f and g asin (v), we put f=)"_ ES$h, as before. Suppose f # 0; then
k>2. Put g, = ¢ %g. Then q, € Z_2,(Qap) and

(F/9)(7) = 220 (E2/9)*(7)(ha/qa)(7)-

Applying (14.6) to h,/q, and employing our result about (Ez/¢)(7){*}, we ob-
tain (v). This completes the proof.

A5.5 We return to the question about the value Fy(7) discussed in Section
12. We consider the problem in a somewhat general setting as follows. Let
0# feN(Q,I'(1)) and 0# g € #,(Q, I'(1)). Then f/g is a I'(1)-invariant
function. Let a = Zw; 4+ Zws be a Z-lattice in K such that wy/ws € H. We then
put

(A5.6) F(a) = wi* f(w1 fws):

This does not depend on the choice of wi, we. Similarly g(a) can be defined,
provided g(w;/w2) is meaningful. For y € K5 we define the Z-lattice ya as in
§14.1.

Theorem A5.6. Let f, g, and a be as above, and let s € Kx. If g(a) is
finite and nonzero, then so is g(s~'a), and

(A5.7) {F@)/g@} " = f(s7a) fg(s 1a),

PROOF. Let r = q(s)~! with ¢ of (14.5) defined with 7 = wi/wy. Put
r=ua with v € U and a € G4. By Lemma 8.3 (ii) we can put f =3 Efh,
with hg € M —24(Q, I'(1)). Then we have hgu] = h, by Lemma 14.3, and so
f"N = flpa by (A5.4). Similarly ¢[") = g|za. We have
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- [Zﬂ 1 g ‘“1} _ [O‘(T)} (CaT + dg)wa,

Wo 1
and so s7la = Zwj + Zw) with o} = wha(r) and w) = (caT + do)w2. Thus
f(s7la) = f(a(r)) (caTHda) Fwy® = wy * (flra) (1) = wy ¥ £ (7). We have sim-

ilarly g(s~'a) = wy gl (r). Now f(a)/g(a) = (f/g)(r), and s0 { f(a)/g(a)}"*
= ("l /gl () by (A5.3). Therefore we obtain (A5.7).

As examples of f/g, we can mention E3/E; and EoFE,/FEg. It should also be
noted that (A5.7) is similar to the behavior of the classical j-values stated in
[S71, Theorem 5.7].
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